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Introduction

The subject of this thesis lies in the field of arithmetic geometry, with a view towards toric
geometry. We revisit geometric and arithmetic intersection theory to give computations
on the closely related concepts of torsion and height of specific varieties.

This thesis consists of two independent chapters, the first one dedicated to the study
of torsion in subvarieties of the torus and Abelian varieties, whereas the second one
studies heights of 0-cycles of toric varieties.

The starting point of the first part of this thesis is the following question posed
independently by Manin and Mumford, as stated by Lang in [48]: If a curve in its Jacobian
contains infinitely many points of finite period, is the curve of genus 1? Motivated by this
question, Lang states in [49, p. 220] the Manin-Mumford conjecture under the following
form:

Let G be a torus or an Abelian variety in characteristic 0. Let V be a
subvariety of G containing an infinite number of torsion points of G. Then
V contains a finite number of translations of group subvarieties of G which
contain all but a finite number of the torsion points in V .

Here Lang refers as torus to the complex multiplicative group Gnm = (C×)n with the
coordinatewise multiplication as its group action. Hence, torsion points are simply
n-tuples of roots of unity.

We can replace the group subvarieties in the statement of the conjecture by torsion
cosets of G, that is, irreducible algebraic subgroups of G translated by torsion points. So
torsion points are torsion cosets by taking the trivial subgroup, and Manin-Mumford’s
conjecture can be reformulated as the statement that the Zariski closure of the torsion
points in V is a finite union of torsion cosets.

For the case when G is a torus, the conjecture was first proved by Ihara, Serre and
Tate [48] when V is a curve, and by Laurent [52] for any variety, although it could be
already deduced from previous results of Mann [57]. The Abelian counterpart of this
conjecture was proven by Raynaud [68,69]. Furthermore, Hindry [42] also proved that
the conjecture holds when G is replaced by any algebraic commutative group.



2 Introduction

Since Manin-Mumford’s conjecture has been proved, part of the focus of interest has
shifted to bounding (explicitly and effectively) the number and degree of the torsion
cosets in the variety V . To be more precise, ordering torsion cosets by inclusion yields a
notion of maximality of torsion cosets that are contained in V ; the aim is to obtain a
bound on the number and the degree of maximal torsion cosets. We denote by Vtors the
Zariski closure of the torsion points. From here on forward, we present both the toric
and abelian instances of Manin-Mumford’s conjecture separately. More information and
precisions are given in §1.1.

Let us first restrict ourselves to the toric setting of the conjecture, and give an
extensive overview of the results in this case. Let V ⊂ Gnm be a variety defined over a
number field K by polynomials of degree at most δ, and height at most η. In this case,
Laurent’s theorem gives a bound for the number of torsion cosets in V in terms of n, δ, η
and the degree [K : Q]. But his result is not effective, as he actually proves a particular
case of the Mordell-Lang conjecture. Later, Bombieri and Zannier [9] showed that both
the number of maximal torsion cosets and their degree can be bounded solely in terms of
n and δ. Both parameters are needed, since we can build a simple example to show that
the bound must depend on both the dimension of the ambient space and the degree of
the variety as follows. If V is the hypersurface of degree δ defined as the zeroes of the
polynomial

f(x1, . . . , xn) = n− xδ1 − · · · − xδn ∈ Q[x1, . . . , xn];

then it is easy to check that the only torsion points lying on V are n-tuples of δ-th roots
of unity. Hence the number of maximal torsion cosets in V equals its number of torsion
points, which amounts to δn.

Simultaneously to the results of Bombieri and Zannier, Schlickewei [76] gave an upper
bound for the number of solutions in roots of unity of a linear equation that depends
only on the number of variables. This result was then used by Schmidt [77] to give an
effective bound of the number of maximal torsion cosets of a variety V in terms of n
and δ. Further contributions in this direction where obtained by the improvement of
Schlikewei’s result done by Evertse in [31].

Much sharper bounds follow from the study of the (logarithmic) Weil height of points
in the torus Gnm. Since torsion points are the points of Weil height zero, the results
on points of sufficiently small height can be used to deduce bounds on the number
of maximal torsion cosets. The results in this direction by David and Philippon [28],
Rémond [70], and Amoroso and Viada [2], and allow to obtain a bound on the number of
maximal torsion cosets in V which is polynomial in δ.

From an algorithmic point of view, the first steps towards finding the solutions in
roots of unity where provided by Mann [57] and Conway-Jones [26]. Their work on
relations between roots of unity precedes the formulation of Manin-Mumford’s conjecture
by Lang, and further motivates the study of torsion points in the toric case. A first
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algorithm on finding the torsion cosets of a general variety in the torus, is given by Sarnak
and Adams [74]. More recent developments on relations of roots of unity by Dvornicich
and Zannier [30] also improve the existing bounds in this direction.

In [73], Ruppert considers the case of a non-torsion irreducible curve C embedded
in (P1)n of multidegree (d1, . . . , dn), di > 0 for all i. He gives an algorithm to find the
torsion points in C, which bounds its number by 22 min(di) max(di). His algorithm,
however doesn’t extend to higher dimensional varieties except for a small family of
surfaces. Nevertheless, by a further study of the higher dimensional case, he provides a
way of deducing bounds on the number of positive dimensional maximal torsion cosets
in V , from a bound on its isolated torsion points (they correspond to maximal torsion
cosets of dimension 0). These results together with some explicit examples motivate him
to formulate the following conjecture:

Conjecture (Ruppert). Let f ∈ C[x1, . . . , xn] be a non-constant polynomial of multi-
degree (d1, . . . , dn), di > 0 for all i, and let V ⊂ Gnm be the variety defined by f . The
number of isolated torsion points in V can be bounded above by cn d1 · · · dn, where cn is
an effective constant depending only on n.

With the above mentioned study by Ruppert, an affirmative answer to this conjecture
would imply that for a variety V defined by polynomials of degree δ, one can give a
bound on the number of maximal torsion cosets which is polynomial in δ and of degree n.

Beukers and Smyth [5] reconsider this problem for curves in G2
m, giving a refinement

of Ruppert’s bound for curves defined by sparse polynomials. Given f ∈ C[x, y] they
provide a family of polynomials which are closely related to f , such that the solutions in
roots of unity of f are also solutions of one of the polynomials in this family. They then
use Berštein-Kušnirenko’s theorem to give a bound in terms of the Newton polytope of f .
More concretely, if ∆ = conv(supp(f)) is the Newton polytope of f , that is the convex
hull in Rn of the exponents appearing in the monomial expansion of f , and the curve
defined by the zeroes of f is non-torsion, then it contains at most 22 vol2(∆) torsion
points, where vol2 represents the volume associated to the Lebesgue measure on R2.

Later Aliev and Smyth generalized this strategy to higher dimensional varieties
in [1]. They did that by using projections and resultants which yields a bound which
is exponential in δ. However, the result they obtained is distant from their original
objective, which was to prove the following stronger version of Ruppert’s conjecture that
takes into account the sparsity as Beukers and Smyth do in [5].

Conjecture (Aliev-Smyth). Let f ∈ C[x1, . . . , xn] be a non-constant polynomial, ∆ =
conv(supp(f)) be its Newton polytope, and V ⊂ Gnm be the hypersurface defined by f .
The number of isolated torsion points in V can be bounded above by cn voln(∆), where cn
is an effective constant depending only on n, and voln is the volume associated to the
Lebesgue measure on Rn.
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It is easy to see that this conjecture implies the conjecture of Ruppert: If f is
of multidegree (d1, . . . , dn), di > 0, then we have that the support of f lies in the
box

∏n
i=1[0, di], implying that voln(∆) ≤ voln

(∏n
i=1[0, di]

)
= d1 · · · dn.

In the first part of Chapter 1 it is our purpose to prove both of these conjectures.
The strategy can be divided in four steps:

1. an extension of the argument for plane curves of Beukers and Smyth [5] to varieties
of any dimension in Gnm;

2. an interpolation argument using upper and lower bounds on the Hilbert function
in a similar fashion to Amoroso and Viada [2];

3. an application of the two induction techniques of Viada in [2] to replace straight-
forward intersection by Bézout’s theorem (this gives a first bound in terms of the
usual degree);

4. an implementation of a result on ellipsoids in metric spaces of John [44] to translate
the previous result to a notion of degree associated to convex polytopes and prove
the conjectures.

For the first step, let us assume that V ⊂ Gnm is an irreducible variety of positive
dimension (incompletely) defined by polynomials of degree at most δ. We give a geometric
analogue to Beuker and Smyth’s results in [5] that applies to V , and thereby construct a
variety V ′ defined by polynomials of degree δ up to multiplication by a constant depending
only on n. Moreover, this variety satisfies that Vtors ⊂ V ∩ V ′ ( V (Lemma 1.2.5 and
Proposition 1.2.6).

In the second step, we use the upper and lower bounds on the Hilbert fuction, results
of Chardin [23], and Chardin and Philippon [24] respectively, to prove the existence of
a hypersurface Z that plays a similar role as the variety V ′ obtained in the first step.
More concretely, in Theorem 1.2.16, we prove that there is a hypersurface Z such that
Vtors ⊂ V ∩ Z ( V , and has degree δ up to a multiplicative factor depending only on n.

In the third step we intersect inductively with hypersurfaces as the ones mentioned
above. To avoid an exponential growth of the exponent of δ from a such iterative process,
we use Amoroso and Viada’s approach in [2]. These techniques yield our first main result,
Theorem 1.2.18.

Theorem A. Let V ⊂ Gnm be a variety of dimension d, defined by polynomials of degree
at most δ. Let V j

tors be the union of the irreducible components of Vtors of dimension j,
j = 0, . . . , d. Then

deg(V j
tors) ≤ c(n) δn−j ,

for every j = 0, . . . , n, where c(n) is an effective constant that only depends on n.
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From this result, one can readily deduce Ruppert’s conjecture via algebraic group
homomorphisms (Corollary 1.2.19). However, we need an extra tool to prove Aliev-
Smyth’s conjecture.

For the last step, let us introduce the notion of degree related to a convex polytope ∆ ⊂
Rn with integer vertices. Given a variety W ⊂ Gnm of dimension d, we define deg∆(W ) =
card(W ∩ Z) where Z is a variety of codimension d defined by d generic polynomials
with Newton polytope ∆ (Definition 1.2.22). Then, by means on a result of John [44],
we obtain our second main result, Theorem 1.2.23.

Theorem B. Let ∆ ⊂ Rn be a convex polytope with integer vertices. Let V ⊂ Gnm be
a variety of dimension d, defined by polynomials with Newton polytope contained in ∆.
Then

deg∆(V j
tors) ≤ c̃(n) voln(∆)

for every j = 0, . . . , d, where c̃(n) is an effective constant that only depends on n.

From this statement we readily deduce Aliev-Smyth’s conjecture by taking ∆ to be
exactly the Newton polytope of f , and j = 0.

Let us now turn to the case when G = A is a complex Abelian variety. Fix ι : A ↪→ Pn a
closed immersion into a projective space of some dimension n, and identify any subvariety
X ⊂ A with its image by ι. One then considers the degree of X as the usual degree in Pn.
In the sequel, when something is said to depend on A, it may also depend implicitly on
the choice of ι.

Mainly because of the more intricate structure of torsion points of A, explicit bounds
on the Manin-Mumford conjecture are less common than their toric counterparts. One
should nevertheless emphasize that the particular case of a curve C embedded in its
Jacobian has given rise to explicit and effective bounds on the number of torsion points
in C. We highlight the results of Coleman [25] using p-adic integration, and of Buium [15]
relying on p-jets.

For the general case; given V ⊂ A, Hindry’s proof of Manin-Mumford’s conjecture
in [42] yields a bound on the number of maximal torsion cosets in V which is effective up
to a constant depending on Galois representations. However these bounds can hardly be
made explicit as discussed in [41]. Further studies of Bombieri and Zannier [10] on the
Néron-Tate height show that it is possible to give a bound just in terms of the degree
of V , and data coming from A. By means of model-theoretic methods, Hrushovski [43]
gives an explicit geometric bound on the Manin-Mumford conjecture whose dependence
on deg(V ) is doubly exponential in parameters coming from A.

Given the result obtained for the toric Manin-Mumford conjecture (Theorem A), one
expects a much better dependence on the degree of V . More concretely, say dim(A) = g

and V is defined in Pn by the intersection of hypersurfaces of degree at most δ, then one
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might expect to bound the number of maximal torsion cosets in V by c(A) δg, where
c(A) is a constant only depending on A.

In the second part of Chapter 1, we focus on obtaining a such bound when A is
defined over Q. The strategy follows a similar structure to the one listed above in the
toric case, and can be divided in three steps:

1. a study of the Galois action on the torsion of A to extract geometric information
on torsion points, from which we are able to deduce a bound on the number of
torsion points in the case when the variety V is a curve;

2. an interpolation argument using upper and lower bounds on Hilbert functions
relative to the inclusion V ⊂ A;

3. an application of the two induction techniques of Viada in the abelian setting, from
which we obtain the expected bound.

For the first step, let us assume that K is a “big enough” finite extension of the field
of definition of A. A result of Bogomolov [7], later improved by Serre [80], states that
there exists a constant c ∈ N>0, which is not known to be effectively computable, such
that for every point P ∈ A of finite order, and every positive integer k prime to the order
of P , there exists an automorphism σ ∈ Gal(K/K) such that

P σ =
kc times︷ ︸︸ ︷

P + · · ·+ P .

By means of this result, we are able to give an explicit construction of a variety V ′ ⊂ A
such that Vtors ⊂ V ∩ V ′ ( V (Propositions 1.3.4, 1.3.7, and 1.3.8). Moreover, the degree
of V ′ can be expressed as the degree of V up to an explicit multiplying factor depending
on g = dim(A) and c. This allows us to give a preliminary bound in the case when V is
a curve (Proposition 1.3.9 and the subsequent remark). We derive the following result,
which can be seen as the abelian analogue to Beukers-Smyth’s bound.

Proposition. Let C ⊂ A be an irreducible algebraic curve of genus greater than 1. Then

#Ctors ≤ (24g+cc2g + 22g+1 − 1) deg(C)2.

In the second step we make use of the upper and lower bounds on the Hilbert function
relative to the homogeneous coordinate ring of Pn, due to Chardin [23], and Chardin
and Philippon [24], respectively. Assume that V is defined in Pn by the intersection of
hypersurfaces of degree at most δ. Then, from V ′, we derive in Proposition 1.3.13 a
hypersurface Z ⊂ Pn of degree δ up to a multiplying factor depending on A and c, such
that Vtors ⊂ V ∩ Z ( V .

The last step consists of applying the same double induction as we use to prove
Theorem A. From it we obtain the following explicit bound for the abelian Manin-Mumford
conjecture, Theorem 1.3.14.
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Theorem C. Let V ⊂ A be a subvariety of dimension d, defined in Pn as the intersection
of hypersurfaces of degree at most δ. Let V j

tors denote the union of the irreducible
components of Vtors of dimension j, j = 0, . . . , d. Then

deg(V j
tors) ≤ c(A)δg−j ,

for every j = 0, . . . , n, where c(A) is an explicit constant only depending on the dimension
of A, n, deg(A), and the constant c.

The bound on the number of maximal torsion cosets in V given by this theorem is
effective, up to the non-effective constant c. This constant, however, was conjectured
by Lang to equal 1 for points of order high enough, and any effective result on the
computation of c will automatically yield our constant effective.

On the second part of this thesis we focus on the arithmetic of toric varieties. The
foundations for the study of toric varieties were laid down in the 1970’s by independent
work of Demazure [29], Kempf,Knudsen,Mumford and Saint-Donat [45], Miyake and
Oda [64], and Satake [75]. Fixed a field K, a toric variety can be defined as algebraic
variety X containing densely a torus or multiplicative group (K×)n, and such that
the action of (K×)n on itself by translations extends to X. There is a one-to-one
correspondence between toric varieties and fans, which enables an extensive and deeply
developed dictionary between the algebraic geometric properties of toric varieties and
the convex geometric properties of fans and polytopes.

An interesting example where these relations prove to be useful, which is also the
main motivation for this part, is Bernštein-Kušnirenko’s theorem [4,47]. This theorem
gives a bound on the number of isolated zeros of a system of Laurent polynomials over K,
in terms of the mixed volume of their Newton polytopes. It follows from the one-to-one
correspondence between convex polytopes in Rn with integer vertices, and toric varieties
endowed with a line bundle that is invariant by the torus action, and the properties
implied by this bijection. For n Laurent polynomials f1, . . . , fn ∈ K[x±1

1 , . . . , x±1
n ] with

respective Newton polytopes ∆1, . . . ,∆n, the number of isolated solutions of the system of
equations f1 = · · · = fn = 0 in (K×)n is bounded by the mixed volume MVn(∆1, . . . ,∆n)
associated to the Lebesgue measure of Rn (Definiton 2.2.7). Moreover, this is an equality
for a generic choice of polynomials. In comparison with the classical Theorem of Bézout,
it does not only take into account the degree of the polynomials, but the distribution of
all exponents appearing in the monomial expansions. Thus it is a refinement of Bézout’s
theorem that allows to predict when a system of equations has a small number of solutions
in the torus. As an illustrative example, let d,H ∈ N>0 and consider the system defined
by the following Laurent polynomials

fi = xi −Hxdi−1 ∈ K[x±1
1 , . . . , x±1

n ], i = 1, . . . , n. (1)
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After an easy computation, one has that Bernštein-Kušnirenko’s bound on the number of
solutions in (K×)n of this system of polynomials is 1, and indeed (H, . . . ,H1+d+···+dn−1)
is this system’s only zero in the torus. Notice that is much smaller than the product of
their degrees dn.

Bernštein-Kušnirenko’s theorem has had a considerable impact since its formulation.
As it provides a simpler way for dealing with polynomial systems of polynomial equations,
it has seen many applications on this regard, for example in computational algebra [36,83].
Furthermore it has also contributed the other way around, providing for instance a proof
of the Alexandrov-Fenchel inequality (for which a direct approach in convex geometry is
rather difficult) by algebraic means via the Hodge inequality, see [84] and Addedum 3
by Khovanskĭi in [16]. Because of its relevance, it has also inspired a great number of
generalizations, a brief discussion on this matter can be found in [83, Chapter 3]. We
point out the refinement of Philippon and Sombra [67] which gives a bound in terms of
a mixed integral of convex functions, and serves as first precursor of some of the work
considered below.

When K is endowed with an arithmetic structure, it is also of interest to have a control
on the height or complexity of the solution set of a such family of Laurent polynomials.
The notion of height of a point was first developed by Siegel, Northcott and Weil among
others as a way of measuring the “size” of a point, and is an essential tool in diophantine
geometry. In higher dimension, this concept extends as an analogue of the degree of a
variety that measures the complexity of the representation of it, for example via its Chow
form. Therefore, it is also of relevance in algebraic geometry and effective computational
algebra, for instance when dealing with effective versions of the Nullstellensatz [27,38,46].
This further motivates an arithmetic Bernštein-Kušnirenko type bound.

For simplicity of exposition, let us consider K = Q although the results exposed below
also hold for the more general setting of adelic fields satisfying the product formula.
The usual height of a point in (Q×)n is the Weil height, which is defined for each
(x1, . . . , xn) ∈ (Q×)n as

hW(x1, . . . , xn) =
∑

p∈{primes}∪{∞}
log max{1, |x1|p, . . . , |xn|p},

where | · |∞ and | · |p, respectively represent the absolute value and p-adic absolute value
normalized in the usual way. However, the general definition of height is richer than just
considering the Weil height and allows a wider consideration of alternatives heights. For
example, one can define a height attached to a monomial map ϕ : (Q×)n → (Q×)r by
taking the inverse image of the Weil height in (Q×)r; that is, for every x ∈ (Q×)n, we
define its height associated to ϕ as hϕ∗W(x) = hW(ϕ(x)).

To give an example in which the difference between distinct considerations of heights
is emphasized, let us come back to the system of polynomial equations defined by (1),
for d,H ∈ N>0. As mentioned above, the zero set defined by these polynomials consists
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of a simple point p = (H, . . . ,H1+d+···+dn−1). Its Weil height hW(p) =
∑n
i=1 d

i−1 logH
grows polynomially with the degrees of the polynomials. On the contrary, by considering
the height attached to the monomial map ϕ : (Q×)n → (Q×)n, defined by (x1, . . . , xn) 7→
(x1, x2x

−d
1 , . . . , xnx

−d
n−1), we obtain hϕ∗W(p) = logH. One can interpret this phenomenon

as the fact that the complexity of a point depends on the representation we use. The
motivation behind an arithmetic version of Bernštein-Kušnirenko’s bound is to give a
way of predicting heights of zero sets of systems of Laurent polynomials in terms of the
monomial structure of the polynomials and the given height function.

Arithmetic analogues of Bézout’s theorem were proved using Arakelov geometry by
Faltings [32] and Bost, Gillet and Soulé [11], although previous versions for heights that
arise also without Arakelov theory were already known beforehand by Nesterenko [63], and
Philippon [65]. As for Bernštein-Kušnirenko’s theorem, a first result by Maillot [56] gives
a bound for canonical heights associated to the toric divisors (which are generalizations
of Weil heights for toric varieties), this result however is not completely effective. A
further study in this direction was later done by Sombra [82].

In Chapter 2 we present an arithmetic Bernštein-Kušnirenko bound which improves
the previous results obtained in this direction, and generalize them to adelic fields
satisfying the product formula and height functions associated to arbitrary nef toric
metrized divisors. This chapter is divided into three parts, where the two initial ones
serve mostly as an exposition of the objects that are fundamental in the third one for
stating and proving the main theorem.

In the first part, we give a brief overview on the geometry of toric varieties, mainly
describing the correspondence between toric divisors and their convex analogues, and their
behaviour in intersection theory. The purpose here is to lay the geometric groundwork
that is essential in the follow up. By doing so, we also present a proof of the classical
Bernštein-Kušnirenko theorem. This defines the strategy we use in our subsequent proof
of our arithmetic version of this theorem.

In the second part, we present the arithmetic objects that are the centrepiece of the
sequel. We introduce the notion of adelic field, and detail a construction of adelic field
extension that preserve the product formula. For normal projective varieties over adelic
fields, we describe (global) heights of 0-cycles attached to metrized divisors. Afterwards,
we extend this definition recursively, and give a well-defined notion of (global) height for
general cycles with respect to metrized divisors which are generated by small sections.
For such metrized divisors, this definition is an extension to adelic fields satisfying the
product formula of the equivalent one for global fields in [19]. Most notably, under these
assumptions, arithmetic intersection behaves similarly to its counterpart in algebraic
geometry. When restricting to toric varieties, Burgos, Philippon and Sombra [19] have
done a thorough study on the arithmetic of toric varieties, relating arakelovian properties
with convex geometry, and exploring the implications of these relations. As such, their
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work is central to our study. Thus, we present their characterizations of (semipositive)
metrized toric divisors D in terms of concave functions, metric functions {ψD,v} and roof
functions {ϑD,v} (Proposition 2.3.28), and the implications of these when dealing with
their associated heights.

Finally, we prove our arithmetic Bernštein-Kušnirenko’s bound. The following state-
ments hold for general adelic fields; however, for simplicity, herein we present them in the
case when our adelic field is Q with the usual set of absolute values as described above.
The starting point is one of the principal results in [19], which identifies the height of
a toric variety with respect to metrized toric divisors with a sum of mixed integrals of
the corresponding roof functions. The key point of our proof is to associate to a Laurent
polynomial f , a metrized toric divisor that is generated by small sections and such that

the section given by f is small: for a given Laurent polynomial f =
r∑
j=0

αjx
mj , where

αj ∈ Q× and mj ∈ Zn for every j, with Newton polytope ∆ = conv(mj), we define the
concave functions ϑp : ∆→ R, as

ϑp(x) =


max
λ

( r∑
j=0

λj log |αj |p
λj

)
, for p =∞;

max
λ

( r∑
j=0

λj log |αj |p
)
, for p prime;

(2)

the maximum being over all λ = (λ0, . . . , λr) ∈ Rr+1
≥0 such that

∑
j λj = 1 and∑

j λjmj = x. We then prove that the metrized toric divisor associated to these
ϑp’s is generated by small sections, and f is a small section of this divisor. The main
result in this chapter, Theorem 2.4.5, states the following.

Theorem D. Let X be a proper toric variety and D0 a nef toric metrized divisor on X
with corresponding roof functions {ϑ0,p : ∆0 → R}p. Let f1, . . . , fn ∈ Q[x±1

1 , . . . , x±1
n ],

and let {ϑi,p : ∆i → R}p be the roof functions associated to each fi as in (2). Then the
height with respect to D0 of the 0-cycle defined by the system of fi’s is bounded by

hD0
(Z(f1, . . . , fn)) ≤

∑
p∈{primes}∪{∞}

MI(ϑ0,p, . . . , ϑn,p).

We also give a second bound in terms of the mixed volumes of the Newton polytopes
of the fi’s, and their logarithmic lengths, `(fi) ( Definition 2.4.6). We readily derive from
Theorem D, and basic properties of mixed integrals, that

hD0
(Z(f1, . . . , fn)) ≤ MVM (∆1, . . . ,∆n)

(∑
p

max ϑ0,p
)

+
n∑
i=1

MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n)`(fi).
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This bound is easier to compute than the one of Theorem D, and in many cases already
gives a good approximation to the actual height, as illustrated in Example 2.4.11.
Nevertheless, we show the loss of precision of the bounds that occurs when passing from
mixed integrals to mixed volumes (Example 2.4.12). We conclude by giving an application
of these results to u-resultants and rational univariate representation of 0-cycles.





Chapter 1

Explicit bounds on the
Manin-Mumford conjecture

In this chapter we focus on effectiveness questions around the toric version of the Manin-
Mumford’s problem. The first half is devoted to the results proven in [58]. We give
sharp bounds on the number of maximal torsion cosets in a subvariety of the complex
algebraic torus, which prove the conjectures of Ruppert, and Aliev and Smyth on the
number of isolated torsion points of a hypersurface. Furthermore, we present a work in
progress in collaboration with Aurélien Galateau regarding analogous results for abelian
varieties [35].

1.1 State of the art

1.1.1 The case of the torus

Let Gnm = (C×)n be the multiplicative group or complex algebraic torus of dimension n.
We may identify Gnm with the Zariski open subset x1 · · ·xn 6= 0 in AnC, with the usual
multiplication

(x1, . . . , xn) · (y1, . . . , yn) = (x1y1, . . . , xnyn).

In the following, a point (x1, . . . , xn) ∈ Gnm is denoted by x. In particular, 1 = (1, . . . , 1)
represents the identity element. Moreover, given any subset S ⊂ Gnm and a point x ∈ Gnm,
we extend the operation above and denote by x · S (or simply xS) the translation of S
by x; that is x · S = {x · y | y ∈ S}.

A torsion point of Gnm is an n-tuple of roots of unity. We denote by

µk = {ζ ∈ Gm | ζk = 1}
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the subgroup of k-th roots of unity. Hence

µnk = (µk)n and µn∞ =
⋃

k∈N>0

µnk

represent, respectively, the subgroup of k-torsion points and the subgroup of torsion
points of Gnm. A subtorus H ⊂ Gnm is an irreducible algebraic subgroup of Gnm. It is
isomorphic (as an algebraic group) to Grm, for some 0 ≤ r ≤ n, and the torsion points
of Gnm are Zariski dense in any such subtorus. A torsion coset is a translate ω ·H of a
subtorus H by a torsion point ω ∈ µn∞.

Let V be a subvariety of Gnm, not necessarily irreducible, we denote by Vtors the set of
torsion points contained in V , and we call its Zariski closure in Gnm the torsion subvariety
of V :

Vtors = V ∩ µn∞.

We say that a torsion coset ω ⊂ V is maximal in V if it is maximal by inclusion.
Lang, inspired by a question that was posed to him by Manin and that arises,

independently, from the work of Mumford, states in [48] what was to be known as the
Manin-Mumford conjecture. For the moment we restrict ourself to the toric version of
this (former) conjecture. This asserts that, if V ⊂ Gnm is an irreducible subvariety and
Vtors is Zariski dense in V , then V is a torsion coset of Gnm. In other words, the torsion
subvariety of V is a union of torsion cosets of Gnm. Lang gives proofs by Ihara, Serre, and
Tate for the case when V is a curve in G2

m, see loc. cit. and [49]. The proof for higher
dimensional varieties follows, independently, from the work of Laurent [52, Théorème 2],
and of Sarnak and Adams [74, Proposition 1.6].

In the sequel, we focus on finding a sharp upper bound for the number of maximal
torsion cosets in V and their degrees. Assume that V ⊂ Gnm is defined over a number
field K by a set of polynomials of degree at most δ and height at most η. As a consequence
of the finiteness, Laurent’s proof yields a bound for the number of maximal torsion cosets
in V in terms of n, δ, η and [K : Q]. However, to obtain this bound, Laurent uses
Schmidt’s subspace theorem which is not effective. Bombieri and Zannier [9], following
the work of Zhang [86], show that both the number of maximal torsion cosets in V and
the their degree can be bounded just in terms of n and δ. Contemporarily, Schlickewei [76]
gives an upper bound for the number of solutions in roots of unity of a linear equation
(which depends only on the number of variables), and Schmidt [77] uses this result to
give an alternative prove of the fact that the number of maximal torsion cosets in V
can be bounded in terms of n and δ. By combining Schmidt’s techniques with Evertse’s
improvement of Schlickewei’s result in [31], we can bound the number of maximal torsion
cosets in V by

(11δ)n2
(
n+ δ

δ

)3
(
n+δ
δ

)2

.



1.1. State of the art 15

Results of Mann [57], Conway and Jones [26] and, more recently, Dvornicich and
Zannier [30] on the vanishing subsums of linear relations of roots of unity provide different
algorithms for finding all the maximal torsion cosets in a subvariety of Gnm. The proof of
Sarnak and Adams [74] of the toric Manin-Mumford conjecture, derives from a result
of this type [74, Lemma 3.1], proposed to them by Cohen, and implies an algorithmic
approach to this problem.

Furthermore, Ruppert [73] considers the problem of a non-torsion irreducible curve C
in Gnm ↪→ (P1)n of multidegree (d1, . . . , dn), di > 0 for all i, and obtains that the number
of torsion points in C can be bounded above by

22 min
i

(di) max
i

(di).

In fact, he starts by treating the case of plane curves (so n = 2) and obtains the following
sharper bound on the number of torsion points in C:

#Ctors ≤ 22 d1d2 − 2 d1 − 2 d2.

In general, the approach of Ruppert doesn’t extend to higher dimensional varieties, but
after an extended study of them, he states the following conjecture:

Conjecture 1.1.1 (Ruppert). Let f ∈ C[x1, . . . , xn] have multidegree (d1, . . . , dn), di > 0.
The number of isolated torsion points on Z(f) ⊂ Gnm can be bounded above by cnd1 · · · dn,
where cn is a constant depending only on n.

Beukers and Smyth [5] reconsider this problem for curves in G2
m, refining this bound

by giving one in terms of the volume of a Newton polytope of the curve. Given f ∈ C[x, y]
a polynomial, they show that each torsion point in Z(f), lies in the variety given by one
of the following polynomials:

f1(x, y) = f(−x, y),
f2(x, y) = f(x,−y),
f3(x, y) = f(−x,−y),

f4(x, y) = f(x2, y2),
f5(x, y) = f(−x2, y2),
f6(x, y) = f(x2,−y2),
f7(x, y) = f(−x2,−y2).

Recall that the support of a polynomial is the finite subset of Zn given by the
exponents of its monomials. Observe then that the supports of f1, . . . , f3 and f4, . . . , f7
are, respectively, the one of f and a dilation by 2 of the one of f . Then, by Bernštein-
Kušnirenko’s theorem (a toric analogue of Bézout’s theorem, see Theorem 2.2.10), they
obtain that the number of isolated torsion points of Z(f) is bounded above by

22 vol2(∆); (1.1.1)

where ∆ = conv(supp(f)) is the convex hull of the support of f , and vol2 represents the
volume associated to the Lebesgue measure on R2. As to fix notations, we precise that
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∆ is called the Newton polytope of f . This leads Aliev and Smyth [1] to try to prove a
stronger version of Ruppert’s conjecture.

Conjecture 1.1.2 (Aliev-Smyth). Let f ∈ C[x1, . . . , xn] be a non-zero polynomial. Then
the number of isolated torsion points on Z(f) ⊂ Gnm can be bounded above by cn voln(∆),
where cn is a constant depending only on n and ∆ is the Newton polytope of f .

For a general polynomial f ∈ C[x1, . . . , xn], these conjectures imply that the number
of isolated torsion points on Z(f) is bounded above by

cn deg(f)n. (1.1.2)

Moreover, this bound implies that the degree of the j-equidimensional part of Z(f)tors
is bounded above by cn,jδ

n−j , where cn,j is a constant depending only on n and j,
see [73, Corollary 11].

In fact, Aliev and Smyth [1] extend Beukers and Smyth’s algorithm to higher dimen-
sions and obtained a bound, which however remains far from the conjectured one. For a
polynomial f ∈ C[x1, . . . , xn], they bound the number of maximal torsion cosets in V by

κ1(n) deg(f)κ2(n,δ) (1.1.3)

where
κ1(n) = n

3
2 (2+n)5n and κ2(n, δ) = 1

16(49 · δn−2 − 4n− 9).

For sparse representation of polynomials, Leroux [54] gives an algorithm to compute
the maximal torsion cosets in V ⊂ Gnm. As a consequence, if V can be defined by k
polynomials in Q[X1, . . . , Xn] with at most r nonzero coefficients, then the number of
maximal torsion cosets in V can be bounded above by

(r!)k exp
(
3(n+ 1)

√
kr log(kr)

)
.

Restricting to the case of dense polynomials, this bound is comparable to that of (1.1.3).
Much sharper bounds follow, as a particular case, from the study of the logarithmic

Weil height of points in Gnm. In fact, the points of zero Weil height are the torsion
points, hence bounds on the number of (isolated) points of sufficiently small height yield
automatically bounds on the number of (isolated) torsion points. By these means, for a
subvariety V ⊂ Gnm defined by polynomials of degree at most δ, David and Philippon [28]
and Rémond [70], among others, obtain polynomial upper bounds in δ on the number of
maximal torsion cosets in V . Most notably, Amoroso and Viada’s results on the essential
minimum of V bear the following bounds [3, Corollary 5.4]:

deg(V j
tors) ≤

(
δ(200n5 log(n2δ))(n−k)n(n−1))n−j ,
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where V j
tors is the union all the irreducible components of Vtors that are of dimension j,

and k is the codimension of V . In particular, if V is a hypersurface in Gnm, the value
δ can be taken as the degree of V , and the number of isolated torsion points in V is
bounded above by

#(V 0
tors) ≤ δn (200n5 log(n2δ))n2(n−1)2

.

This bound gives (1.1.2) up to a logarithmic factor.
In this chapter we detail a geometric version of the approach of Beukers and Smyth

(Lemma 1.2.5 and Proposition 1.2.6). By algebraic interpolation, using upper and lower
bounds on the Hilbert function by Chardin [23], and Chardin and Philippon [24], we
obtain hypersurfaces containing the torsion of the variety (Theorem 1.2.16). The first
main result (Theorem 1.2.18) follows from adapting the induction techniques introduced
by Amoroso and Viada. Given a d-dimensional variety V ⊂ Gnm defined by polynomials
of degree at most δ, this theorem states that

deg(V j
tors) ≤ cnδn−j (1.1.4)

for every j = 0, . . . , d, where cn = ((2n − 1)(n − 1)(22n + 2n+1 − 2))nd. Applied to a
general hypersurface of degree δ, this proves the bound in (1.1.2).

There is a direct approach to deduce Ruppert’s conjecture from (1.1.4), via algebraic
group homomorphisms (Corollary 1.2.19). However this method cannot be applied to
prove Aliev-Smyth’s conjecture. The keystone to obtain this second conjecture from (1.1.4)
is a result of John [44] which gives a mean of comparing the volume of a convex polytope
with the one of the ellipsoid of smallest volume containing it (John’s ellipsoid). Then, by
introducing a notion of degree related to a convex polytope (Definition 1.2.22), we get
the second main result (Theorem 1.2.23). In particular, given a full-dimensional convex
polytope ∆ ⊂ Rn, and a variety V ⊂ Gnm defined by polynomials with Newton polytope
contained in ∆, this theorem implies that

deg(V 0
tors) ≤ cn2nn2nω−1

n voln(∆), (1.1.5)

where cn is the constant in (1.1.4), and ωn is the volume of the n-sphere.
Given f ∈ Q[x1, . . . , xn] a polynomial of multidegree (d1, . . . , dn), di > 0, we can take

∆ to be the n-orthotope [0, d1]× · · · × [0, dn], and then (1.1.5) gives Ruppert’s conjecture
(Conjecture 1.1.1). Moreover, it suffices to take ∆ as the Newton polytope of f to prove
Aliev-Smyth’s conjecture (Conjecture 1.1.2).

1.1.2 The case of Abelian varieties

The Manin-Mumford conjecture is most notably known for its abelian formulation. Let
A be an abelian variety of dimension g defined over a number field. A torsion point is an
element of finite order with respect to the additive group law of A. For k ∈ N, we denote
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by A[k] the group of torsion points of order dividing k, which is isomorphic to (Z/kZ)2g.
We write

Ators =
⋃
k∈N

A[k]

for the torsion group of A.
The abelian statement of Manin-Mumford’s conjectre asserts that for a given subva-

riety V of A, the Zariski closure of V ∩Ators is a finite union, where each member is a
translate of abelian subvarieties of A by a point of finite order. A first partial result is
given by Bogomolov [7] for the p∞-torsion, that is ∪n≥1A[pn]. Later, Raynaud proves
the conjecture in [68] for the case of a curve embedded in its Jacobian, and in [69] for
the general dimension case. Moreover, Hindry [42] gives a general result in which A can
be replaced by any algebraic commutative group, in particular a semiabelian variety.

For the case of a smooth, irreducible, projective curve C of genus g ≥ 2 embedded in
its Jacobian J(C), there are many different effective bounds on the number of torsion
points in C, for instance Raynaud [68], Coleman [25], and Hindry [41]. Using p-jets, and
under some ramification conditions on a prime p ≥ 2g + 1, Buium [15] obtains that

#Ctors ≤ g!p4g3g(p(2g − 2) + 6g),

responding to a question posed by Mazur [61, p.234] on a uniform bound depending only
on the genus of the curve, and on the prime p.

For the sequel, let us fix a closed immersion ι : A ↪→ Pn into a projective space of
some dimension n. Given a subvariety V ⊂ A, we focus on effective bounds on the
number of maximal torsion cosets in V , which correspond to abelian subvarieties of A
translated by torsion points of A that are maximal with respect to the inclusion. Hindry’s
approach in [42] yields already an effective bound (up to a constant related to Galois
representations), which is not made explicit. Later, Bombieri and Zannier [10] show that
the number of maximal torsion cosets in V can be bounded just in terms of the degree
of V by ι, and data coming from A.

By means of new model-theoretic methods, Hrushovski [43] bounds the number of
maximal torsion cosets in V by

c deg(V )e, (1.1.6)

where c and e depend only on A (in fact they are doubly exponential in parameters
coming from A), and deg(V ) denotes the degree of the Zariski closure of the image of V
by the fixed immersion ι.

Given the results in the toric case regarding the dependence on the degree (Theo-
rem 1.2.18), it is a natural question to ask if one can improve the exponent e in (1.1.6),
with the cost of incrementing the multiplicative coefficient c. Given V a subvariety of A
defined in Pn as the intersection of finite number of hypersurfaces of degree at most δ,
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one expects to bound the number of maximal torsion cosets in V by

c δ g, (1.1.7)

where g is the dimension of A, and c is a constant only depending on A. To prove such a
statement, our aim is to adapt the techniques of the toric case.

Let K be a the number field such that A is defined over K. Using the results of
Bogomolov [7] and Serre [80] on the homotheties in the image of the absolute Galois
group of K by the l-adic representations, one has that there exists an integer c(A) which
depends only on A (and K) such that for every point P ∈ A of finite order, and any
integer k prime to the order of P , there is a Galois automorphism σ ∈ Gal(K/K) such
that

P σ = [kc(A)] P. (1.1.8)

This classical approach to the Manin-Mumford conjecture was first proposed by Lang [48],
and has since proven to be a succesful tool (see [69] and [42]).

In this chapter we retake this approach to the proof Manin-Mumford’s conjecture in
the abelian setting. The main idea is to set analogies with the toric version, and extend
them to Abelian varieties. The much more complicated structure of torsion points and
their of definition is however the main problem in establishing such analogies.

Let V be a subvariety of A. By means of a careful choice of homotheties coming from
Galois automorphisms, we are able to give an explicit construction of an auxiliary variety
containing the torsion of V (Propositions 1.3.7 and 1.3.8). The first result of interest
arises when considering V to be a curve of genus g ≥ 2. In this case, for an irreducible
algebraic curve C ⊂ A, we obtain the following Abelian analogue to Beukers and Smyth’s
result:

#Ctors ≤ (22gc(A)+4g−2c(A) c(A)2g + 22g+1 − 1) deg(C)2;

see Proposition 1.3.9 and the remark that follows.
To further extend our result to higher dimensional varieties, we proceed by mimicking

the process followed in the toric case. By identifying V , and A with their images in Pn,
we use relative versions of upper and lower bounds on the Hilbert function (due again to
Chardin [23], and Chardin and Philippon [24]), to obtain an interpolating hypersurface
in Pn that intersects V (Proposition 1.3.13). In addition, our result bounds the degree of
this hypersurface in terms of degree δ of the hypersurfaces in Pn such that V is defined
as the intersection of them.

This leads to the third main result of this chapter (Theorem 1.3.14) which states the
following. If dim(A) = g, and V is a d-dimensional subvariety of A that can be defined
in Pn as the intersection of hypersurfaces of degree at most δ, then

deg(V j
tors) ≤ cj δ g−j ,
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for every j = 0, . . . , d, where cj = ((2g−1)(g−1)(22g(2+c(A))+2 c(A)2g + 22g+2−2))(g−j)d.

Moreover, this explicit version of Manin-Mumford’s conjecture is effective, up to the
non-effective constant c(A).

1.2 Bounds for the toric Manin-Mumford

For the length of this chapter Gnm denotes (C×)n. If not specified, we consider Gnm
naturally embedded into Pn by (x1, . . . , xn) 7→ (1 : x1 : · · · : xn). When considering
subvarieties of Gnm they are defined over C unless stated otherwise. Moreover, when we
say that a variety is irreducible, we imply it to be irreducible over C.

1.2.1 Geometric extrapolation of the torsion points

Let x ∈ Gnm be a point and λ = (λ1, . . . , λn) ∈ Zn be an integer vector, we adopt the
multi-index notation

xλ = xλ1
1 · · ·x

λn
n .

So, a family of vectors vectors λ1, . . . ,λr ∈ Zn, r > 0, induces an (algebraic group)
homomorphism

Gnm −→ Grm, x 7−→ (xλ1 , . . . ,xλr ). (1.2.1)

In fact, this defines is a bijection between integer matricesMr,n(Z) and (algebraic group)
homomorphisms Hom(Gnm,Grm) by taking the λj ’s in (1.2.1) as the row vectors of the
matrix inMr,n(Z). In particular, for any l ∈ Z, we define the multiplication map by l as
the endomorphism

[l] : Gnm −→ Gnm
(x1, . . . , xn) 7−→ (xl1, . . . , xln)

which corresponds to the diagonal matrix l · Id ∈Mn×n(Z). Hence, we may express the
subgroup of the k-torsion points of Gnm as

µnk = {x ∈ Gnm | [k]x = 1}.

Let Λ be a subgroup of Zn. We denote by Λsat = (Λ ⊗Z R) ∩ Zn the saturation
of Λ, and we call [Λsat : Λ] the index of Λ. In particular, we say that Λ is saturated if
[Λsat : Λ] = 1. We define the algebraic subgroup of Gnm associated to Λ as

HΛ = {x ∈ Gnm | xλ = 1, ∀λ ∈ Λ}.

The following result sums up the relation between subgroups of Zn and algebraic subgroups
of Gnm.
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Theorem 1.2.1. The map Λ 7→ HΛ is a dimension reversing bijection between subgroups
of Zn and algebraic subgroups of Gnm. A subgroup HΛ is irreducible if and only if Λ is
saturated. Moreover, for any two subgroups Λ and Λ′ we have HΛ ·HΛ′ = HΛ∩Λ′, and
HΛ ∩HΛ′ = HΛ+Λ′.

Proof. See [8, Proposition 3.2.7 and Theorem 3.2.19].

A homomorphism Gnm → Grm defines an algebraic subgroup of Gnm by means of the
kernel. It is also possible to build a homomorphism with a fixed kernel.

Corollary 1.2.2. Let H be an algebraic subgroup of Gnm of dimension n − r. We can
write H = F ·H0, where F is a finite subgroup of Gnm, and H0 denotes the connected
component of H containing 1. Moreover, there exists an isogeny

ϕ : Gnm −→ H0 ×Grm,

such that Ker(ϕ) = F , and ϕ|H0(H) : H0 → H0 × {1} is the identity.

Proof. By Theorem 1.2.1, there exists a lattice Λ such that H = HΛ. Write Λ = Λsat∩Λ∗,
where Λ∗ is a lattice of full dimension. Then H = F ·H0, with H0 = HΛsat and F = HΛsat .
Since Λ∗ is full dimensional, F is a finite subgroup of Gnm. Moreover, there is an isogeny
Gnm → Gnm, such that its kernel is F . This allows us to reduce to the case when H = H0.

By Theorem 1.2.1, there exists a unique saturated lattice Λ ⊂ Zn such that H = HΛ.
Take a complementary subgroup Λ′ ⊂ Zn, that is a saturated lattice such that Λ∩Λ′ = {0}
and Λ + Λ′ = Zn. Then HΛ′ is irreducible, and so HΛ′ ∼= Grm. Also by Theorem 1.2.1, we
have that Gnm = H{0} = HΛ∩Λ′ , and 1 = HZn = HΛ+Λ′ . Then we have an isomorphism
Gnm = H ×HΛ′ ∼= H ×Grm.

A subgroup of Gnm with special interest for this chapter is the stabilizer of a variety.
For a subvariety V of Gnm, we define the stabilizer of V as

Stab(V ) = {ξ ∈ Gnm | ξV = V }.

First, notice that dim(Stab(V )) ≤ dim(V ). Moreover, the dimensions coincide if and only
if V is a translate of an algebraic subgroup of Gnm. In this latter case either Vtors = V , or
there are no torsion points in V .

The following fact should also be highlighted. If ψ : Gnm → Grm is a surjective
homomorphism, and W ⊂ Grm a variety, then ψ−1(Stab(W )) = Stab(ψ−1(W )).

By means of the homomorphism appearing in Corollary 1.2.2, we associate to V
a subvariety of some Grm which has trivial stabilizer. The following result is a direct
consequence of this corollary and illustrates some useful properties of this homomorphism.

Corollary 1.2.3. Let V be a subvariety of Gnm, and r = codim(Stab(V )). There exists
a homomorphism ϕ : Gnm → Grm such that Ker(ϕ) = Stab(V ), satisfying the following
properties:
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(i) ϕ(V ) is a subvariety of Grm with trivial stabilizer;

(ii) ϕ−1(ϕ(V )) = V ;

(iii) ϕ−1(η)V = η0V , for every η ∈ Grm and for any η0 ∈ ϕ−1(η).

Proof. Write Stab(V ) = F · Stab(V )0, with F a finite subgroup of Gnm and Stab(V )0

the irreducible component passing through 1. By Corollary 1.2.2, one has an isogeny
ϕ : Gnm → Stab(V )0 × Grm, such that Ker(ϕ) = F . Since ϕ is an isogeny, the image of
V by ϕ is a variety. Moreover, if ξϕ(V ) = ϕ(V ), for a ξ ∈ Stab(V )0 × Grm, by taking
preimages ξ′ · F · V = F · V , for some ξ′ ∈ ϕ−1(ξ). In particular, since F ⊂ Stab(V ),
we have ξ ∈ ϕ(Stab(V )), and therefore Stab(ϕ(V )) = ϕ(Stab(V )) = Stab(V )0 × {1}.
Hence, ϕ(V ) is of the form Stab(V )0 × V ′, where V ′ is a subvariety of Grm. Then, the
homomorphism ϕ is obtained from ϕ by taking the projection to Grm. The properties in
the statement follow then by construction.

There is a remarkable relation between the stabilizer and torsion cosets in V . To
illustrate this, let ωH be a torsion coset in V (not necessarily maximal) and let Stab(V )0

be the connected component of Stab(V ) containing 1. Then
⋃
ξ∈Stab(V )0 ξ · (ωH) is a

torsion coset in V that contains ωH. In particular, every maximal torsion coset in V has
dimension at least dim(Stab(V )), and its subtorus contains Stab(V )0.

To fix notations, given a variety V ⊂ Gnm and an automorphism φ ∈ Aut(C/Q), we
denote by V φ the variety obtained by applying φ to the coefficients the polynomials in
C[x1, . . . , xn] defining V .

Torsion points, being essentially vectors of roots of unity, are defined over cyclotomic
extensions of Q. Hence, any Galois automorphism fixing the maximal abelian extension
of Q leaves invariant the torsion cosets of Gnm. This observation gives the following result:

Proposition 1.2.4. Let V ⊂ Gnm be an irreducible variety of positive dimension defined
over a finite Galois extension K of Q, that is not contained in Qab. There exists a non
trivial Galois automorphism ς ∈ Gal(K/(K ∩Qab)), such that

Vtors ⊂ V ∩ V ς ( V.

It is so important to singularize the study of varieties defined over Qab. By the
Kronecker-Weber theorem, whenever we have an abelian extension K of Q, we have that
K is contained in a cyclotomic extension of Q. In fact, there is a unique minimal natural
number, which we denote by NK, such that the NK-th cyclotomic field is the minimal
cyclotomic extension of Q containing K, see for instance [62, Theorem 4.27(v)]. Given
V a subvariety of Gnm defined over an abelian extension of Q, we choose the minimal
natural number N as

N = min
ξ∈µn

∞
{NK | K is the field of definition of ξ · V }. (1.2.2)
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In particular, notice that if N ≡ 2 (mod 4), then Q(ζN ) = Q(ζN/2). Therefore, we can
always choose N 6≡ 2 (mod 4). We adopt the notation ζN for a primitive N -th root of
unity, and Q(ζN ) for the N -th cyclotomic extension of Q.

Remark. Notice that the value of NK (and henceforth also the value of N) is the same
for V and ϕ(V ), with ϕ as in Corollary 1.2.3. This follows from the fact that two varieties
V,W ⊂ Gnm with the same stabilizer define the same homomorphism ϕ, and then V = W

if and only if ϕ(V ) = ϕ(W ). Fixed an automorphism σ ∈ Gal(Qab/Q), take W = V σ.
Since the stabilizer is an algebraic subgroup of Gnm, it is defined over Q by Theorem 1.2.1,
hence Stab(V σ) = Stab(V ). Therefore V = V σ if and only if ϕ(V ) = ϕ(V σ) = ϕ(V )σ.
From here we deduce that V and ϕ(V ) are defined over the same cyclotomic extensions
of Q.

For the remaining of this section, N,N ′,M,M ′, l and l′ represent positive integers.

Lemma 1.2.5. Let V ⊂ Gnm be an irreducible variety whose field of definition is an
abelian extension K of Q. Let ω ∈ V be a torsion point.

1. If 4 - NK, one of the following is true:

(a) there exists a 2-torsion point η ∈ µn2 \ {1} such that η · ω ∈ V ;

(b) there exists a 2-torsion point η ∈ µn2 such that η · [2]ω ∈ V σ, where σ ∈
Gal(Q(ζNK)/Q) is the Galois automorphism mapping ζNK 7→ ζ2

NK
.

2. If NK = 4N ′, one of the following is true:

(c) there exists a 2-torsion point η ∈ µn2 \ {1} such that η · ω ∈ V ;

(d) there exists a 2-torsion point η ∈ µn2 such that η · ω ∈ V τ where τ ∈
Gal(Q(ζNK)/Q) is a Galois automorphism mapping ζNK 7→ ζ1+2N ′

NK
.

Proof. To simplify the presentation, throughout this proof we denote NK by N . Let l be
the order of ω, in particular ω ∈ Q(ζl), and M = lcm(N, l). We prove separately point 1
and 2.

1. By hypothesis, N is odd. We distinguish 3 cases regarding the parity of l, where
the first corresponds to (a) and the other two to (b).

(i) If l = 4l′, then M = 4M ′. In particular, we have gcd(1 + 2M ′,M) = 1.
Therefore, we can take a Galois automorphism τ̃ ∈ Gal(Q(ζM )/Q) mapping
ζM 7→ ζ1+2M ′

M . Since 2M ′ ≡ 2l′ (mod l), we have that τ̃ maps ζl 7→ ζ1+2l′
l . On

the other hand, N is odd so N |M ′ and ζN is invariant under the action of τ̃ .
Hence V τ̃ = V and [1 + 2l′]ω ∈ V . Choosing η = [2l′]ω ∈ µn2 \ {1}, (a) holds.
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(ii) If l = 2l′ with 2 - l′, then M = 2M ′ with 2 - M ′. In particular, we have
gcd(2 +M ′,M) = 1. Therefore, we can extend σ to a Galois automorphism in
Gal(Q(ζM )/Q), mapping ζM 7→ ζ2+M ′

M (this extends σ because N |M ′, since
N is odd). Since M ′ ≡ l′ (mod l), we have that σ maps ζl 7→ ζ2+l′

l . Hence
[2 + l′]ω ∈ V σ. Choosing η = [l′]ω ∈ µn2 , (b) holds.

(iii) If 2 - l, then 2 -M . We have that σ can be extended to a Galois automorphism
in Gal(Q(ζM )/Q) mapping ζM 7→ ζ2

M . In particular, σ maps ζl 7→ ζ2
l . Hence

[2]ω ∈ V σ. Choosing η = 1, (b) holds.

2. By hypothesis 4 | N , so we also have 4 |M . Write N = 4N ′ and M = 4M ′. Let τ̃
be an automorphism in Gal(Q(ζM )/Q) mapping ζM 7→ ζ1+2M ′

M . Let v2 denote the
2-adic valuation. We distinguish 2 cases by comparing the 2-adic valuations of N
and l, corresponding to (c) and (d) respectively.

(i) If v2(N) < v2(l), then N | 2M ′ and l - 2M ′. Write l = 4l′. Since 2M ′ ≡ 2l′

(mod l), we have that τ̃ maps ζl 7→ ζ1+2l′
l . On the other hand, 2M ′ ≡ 0

(mod N) and so τ̃ fixes Q(ζN ). Hence V τ̃ = V and [1 + 2l′]ω ∈ V . Choosing
η = [2l′]ω ∈ µn2 \ {1}, we obtain that (c) holds.

(ii) If v2(N) ≥ v2(l), then N - 2M ′. We have that either 2M ′ ≡ 0 (mod l)
or, if not, 2M ′ ≡ l/2 (mod l), therefore [2M ′]ω ∈ µn2 . On the other hand,
2N ′ ≡ 2M ′ (mod N) and so τ̃ is an extension of τ . Hence [2M ′ + 1]ω ∈ V τ .
Choosing η = [2M ′]ω, (d) holds.

Remark. The particular case when the field of definition of V is Q is covered in
Lemma 1.2.5. It corresponds to point 1, taking N = 1 and σ = Id.

When considering an irreducible variety V ⊂ Gnm defined over an abelian extension
of Q, this lemma lays the groundwork for an equivalent result to Proposition 1.2.4. We
provide an explicit construction of a variety V ′ containing Vtors but not V . For this last
condition a good control over the stabilizer of V is necessary.

Proposition 1.2.6. Let V ⊂ Gnm be an irreducible variety of positive dimension, defined
over an abelian extension K of Q such that Vtors 6= V . Let N be as in (1.2.2) and suppose
that N = NK. Let r = codim(Stab(V )) and ϕ : Gnm → Grm a homomorphism such that
Stab(V ) = Ker(ϕ).

1. If 4 - N , then

Vtors ⊂ V ′ =
⋃

η∈µr
2\{1}

(ϕ−1(η)V ) ∪
⋃
η∈µr

2

[2]−1(ϕ−1(η)V σ),

where σ ∈ Gal(Q(ζN )/Q), mapping ζN 7→ ζ2
N . Moreover V ′ ∩ V ( V .
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2. If N = 4N ′, then

Vtors ⊂ V ′ =
⋃

η∈µr
2\{1}

(ϕ−1(η)V ) ∪
⋃
η∈µr

2

(ϕ−1(η)V τ ),

where τ ∈ Gal(Q(ζN )/Q), mapping ζN 7→ ζ1+2N ′
N . Moreover V ′ ∩ V ( V .

The expressions of V ′ in the proposition are set-theoretical, and in fact they are the
finite union of (2r − 1) + 2r varieties, see point (iii) of Corollary 1.2.3.

Proof. To show the inclusion Vtors ⊂ V ′, it is enough to prove that every torsion point
in V lies also in V ′. Torsion is preserved by homomorphisms, so ϕ(Vtors) = ϕ(V )tors,
and we may apply Lemma 1.2.5 to ϕ(V ). If 4 - N , then by taking the union of all the
varieties that come from points (a) and (b) of said lemma, we obtain that

ϕ(Vtors) ⊂
⋃

η∈µr
2\{1}

η · ϕ(V ) ∪
⋃
η∈µr

2

[2]−1(η · ϕ(V σ)).

By taking the preimage of the variety on the right by ϕ we obtain the V ′ in the statement.
In a similar way, we may apply case 2 in Lemma 1.2.5 to prove the second inclusion of
the proposition.

To prove that V ∩ V ′ ( V , we can assume that V has a trivial stabilizer since ϕ does
not change the value of N . So ϕ = Id. We proceed by showing that V is not contained
in any of the varieties that come from the lemma. First, since V has trivial stabilizer by
hypothesis, η · V 6= V for every η ∈ µn2 \ {1}, and so V ∩ η · V ( V for all such η’s. This
deals with the varieties coming from (a) and (c).

To see that V ( [2]−1(η · V σ) for all η ∈ µn2 , we do it by explicitly computing
the degrees. Assume that V ⊂ [2]−1(η · V σ), then [2](η0 · V ) ⊂ η · V σ for every
η0 ∈ Ker[2] = µn2 . Thus ⋃

η0∈µn
2

η0 · V ⊂ [2]−1(η · V σ).

Since V has trivial stabilizer, the variety on the left is a union of 2n distinct varieties and
so it has degree 2n deg(V ). On the other side the variety has degree 2codim(V ) deg(V ),
see [42, Lemme 6(i)]. The contradiction arises from the fact that codim(V ) < n. This
deals the varieties arising from (b).

It is left to proof that V 6= η · V τ for all η ∈ µn2 , which correspond to the varieties
coming from (d). To do so, assume for instance that there is an equality and choose some
ξ ∈ µnN \ {1} such that [2N ′]ξ = η. Then ξτ = ξ · η and (ξ · V )τ = ξτ · V τ = ξ · V . This
would mean that ξ · V is stable by τ and so it is defined over Q(ζN )τ = Q(ζN/2), which
contradicts the minimality of N (1.2.2), and finishes the proof.
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1.2.2 Algebraic interpolation

Let V ⊂ Gnm be a variety of positive dimension. When V is irreducible, by using
Propositions 1.2.4 and 1.2.6 we can explicitly construct an equidimensional variety V ′

of the same dimension that contains Vtors and such that V ∩ V ′ ( V . The degree of
V ′ can be easily computed. In the case that V is not defined over Qab, the degree of
V ′ is the same as the one of V . On the other hand, if the field of definition of V is an
abelian extension of Q we may use [42, Lemme 6(i)] and obtain the following two cases
depending on the parity of N :

1. if 2 - N , then deg(V ′) = (2r − 1) deg(V ) + 2r 2codim(V ) deg(V ),

2. if 4 | N , then deg(V ′) = (2r − 1) deg(V ) + 2r deg(V ),

where r = codimGn
m(Stab(V )). The idea to apply straightforwardly Bézout’s theorem

yields a bound on the number of maximal torsion cosets. If V is a non-torsion d-
dimensional variety defined over Q, such that dim(Stab(V )) = dim(V )− 1, we retrieve
the optimal bound this method gives:

deg(Vtors) ≤ (2n−d+1 + 22n−2d+1 − 1) deg(V )2. (1.2.3)

In the particular case when n = 2 and V is a curve we have that the number of torsion
points of V is at most 11 deg(V )2, which corresponds to the bound given by Beukers and
Smyth [5], see (1.1.1). However, the iteration of this method does increase the exponent
of deg(V ) exponentially, which motivates the use of the following definition.

Definition 1.2.7. Let V be a subvariety of Gnm. We define the degree of definition of V
as the minimal degree δ such that V is the intersection of hypersurfaces of degree at
most δ, and we denote it by δ(V ).

We also define the degree of incomplete definition of V as the minimal degree δ0 such
that there exists a variety X that is the intersection of hypersurfaces of degree at most δ0,
such that any irreducible component of V is a component of X. We denote it by δ0(V ).

Lemma 1.2.8. If V ⊂ Gnm is defined over K, then δ(V ) and δ0(V ) can be realized by
hypersurfaces defined over K.

Proof. Let I be an ideal in K[x1, . . . , xn] whose zero set is V , and let I ⊗ C be the ideal
in C[x1, . . . , xn] defined by base change. Since K is perfect we can apply [12, Chapitre 5,
§15.5 Théorème 3(d)] to obtain the equality

√
I ⊗ C =

√
I ⊗ C. Hence the radical ideal

I(V ) in C[x1, . . . , xn] defining V equals
√
I ⊗C, and is defined over K. For δ ≥ 0, denote

by I(V )≤δ ⊂ C[x1, . . . , xn] the subspace of the polynomials in I(V ) of degree at most δ.
Since I(V ) is defined over K, also is I(V )≤δ.

The definition of δ(V ), is equivalent to the minimal δ such that the zero set of I(V )≤δ
equals V . On the other hand, the definition of δ0(V ) is equivalent to the minimal δ
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such that the zero set of I(V )≤δ equals V ∪W , for some subvariety W ⊂ Gnm such that
V 6⊂W . Then the lemma follows from the fact that I(V )≤δ is defined over K.

Let V an equidimensional variety of dimension d. Given a general linear map
` : Pn → Pd+1, the image of V by ` is a hypersurface of degree at most deg(V ). We
can take the pull-back of this hypersurface by `, which gives a hypersurface of degree at
most deg(V ) containing V . Then V is (as a set) intersection of all hypersurfaces obtained
in this way. This shows that δ(V ) ≤ deg(V ). Moreover,

δ0(V ) ≤ δ(V ) ≤ deg(V ) ≤ δ0(V )codim(V ),

where the first inequality follows from Definition 1.2.7, and the last one from [66,
Corollaire 5]. Notice that, when intersecting V with a hypersurface, the definition of δ
gives δ(V ∩ Z) ≤ max{δ(V ), deg(Z)}, and the same is true for δ0. The behaviour of δ0
is however more subtle with regard of the union of varieties. Let us recall first an easy
lemma for the degree of definition.

Lemma 1.2.9. Let X1, . . . , Xt be subvarieties of Gnm. Then

δ
( t⋃
i=1

Xi
)
≤

t∑
i=1

δ(Xi).

Proof. It is enough to prove it for t = 2. Let X1 be defined by polynomials f1, . . . , fr with
deg(fi) ≤ δ(X1), and X2 be defined by g1, . . . , gs with deg(gi) ≤ δ(X2). Then X1 ∪X2
is defined by the polynomials figj for 1 ≤ i ≤ r and 1 ≤ j ≤ s.

In general, this result is not true if we use δ0 instead of δ. To have a similar lemma
for δ0, we must therefore consider more specific varieties. The following is a variation
of [3, Lemma 2.5], which takes into account the action of Galois automorphisms on the
computation of δ0 of a variety.

Lemma 1.2.10. Let V be an irreducible subvariety of Gnm. Let M > 2 be a positive
integer, and ζM be a primitive M-th root of unity, such that V is defined over Q(ζM ).
Let T ⊂ µnM ×Gal(Q(ζM )/Q) be a finite set with t elements. Then

δ0
( ⋃

(g,φ)∈T
gV φ) ≤ tδ0(V ).

Proof. Throughout this proof, we say that an irreducible variety W ⊂ Gnm is imbedded
in a variety X ⊂ Gnm if W ⊂ X but W is not an irreducible component of X.

Notice that for any two g1, g2 ∈ µnM and any two φ1, φ2 ∈ Gal(Q(ζM )/Q), we have
that g2(g1V

φ1)φ2 = g2φ
−1
2 (g1)V φ1φ2 . This endows µnM oGal(Q(ζM )/Q) with a natural

structure of semidirect product, given by

(g1, φ1) · (g2, φ2) = (φ−1
2 (g1)g2, φ1φ2).
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By definition of δ0(V ), there exists a varietyX such that V is an irreducible component
of X and δ0(V ) = δ(X). Let G = 〈a · b−1 | a, b ∈ T 〉 ⊂ µnM o Gal(Q(ζM )/Q), and
S = {(g, φ) ∈ G | gV φ is imbedded in X}. Notice that (φ(g−1), φ−1) is the inverse of
(g, φ) ∈ µnM oGal(Q(ζM )/Q). Consider

X̃ = X ∩
( ⋂

(g,φ)∈S
φ(g−1)Xφ−1)

.

We have that V is an irreducible component of X̃ and δ(X̃) = δ(X) = δ0(V ). Moreover,
no gV φ is imbedded in X̃, for (g, φ) ∈ G. Assume by contradiction that there is a
gV φ imbedded in X̃. Since X̃ ⊂ X, gV φ is imbedded in X and so (g, φ) ∈ S. By
induction, we suppose (gn, φn) = (g, φ)n ∈ S for some n ≥ 1. Then X̃ ⊂ φn(g−1

n )Xφ−n

and so gV φ is imbedded in φn(g−1
n )Xφ−n ; which implies (gn+1, φ

n+1) = (g, φ)n+1 ∈ S.
Therefore, (g, φ)n ∈ S for every n ∈ N>0. In particular, taking n = ord((g, φ)) we have
that (1, Id) ∈ S, which is a contradiction.

Next we define
Y =

⋃
(g,φ)∈T

gX̃φ.

Then
⋃

(g,φ) gV
φ ⊂ Y and δ(Y ) ≤ tδ(X̃) = tδ0(V ) by Lemma 1.2.9. Moreover, no gV φ

is imbedded in Y , for (g, φ) ∈ T . Assume by contradiction that there is a (g, φ) ∈ T
such that gV φ is imbedded in Y . Then, there exists some (g0, φ0) ∈ T such that gV φ

is imbedded in g0X̃
φ0 . Thus φ0(g−1

0 )(gV φ)φ
−1
0 = φ0(g−1

0 g)V φ−1
0 φ is imbedded in X̃ and,

since (g, φ) · (g0, φ0)−1 = (φ0(g−1
0 g), φ−1

0 φ) ∈ G, this contradicts the definition of X̃.

Remark 1.2.11. It is possible to give a slightly more general version of this statement,
taking T a finite subset in µn∞×Gal(Q/Q). The proof follows as the one of Lemma 1.2.10
after setting M to be the smallest integer satisfying that every element (g, φ) ∈ T is such
that g ∈ µnM , and (Qab)φ ⊂ Q(ζM ). This generalization is not needed in our application
of Lemma 1.2.10.

The following lemma is a key ingredient in the proof of Theorem 1.2.16 for varieties
defined over abelian extensions of Q.

Let the closure of V in Pn be defined by the homogeneous radical ideal I in
C [x0, . . . , xn]. For ν ∈ N, denote by H(V ; ν) the Hilbert function dim(C[x0, . . . , xn]/I)ν .
Notice that if V is defined over K, also is I as shown in the proof of Lemma 1.2.8. Hence,
for ν ∈ N, one can define the Hilbert function H(V ; ν) as dim(K[x0, . . . , xn]/I)ν , since
this value is invariant by base change.

The following sharp upper bound for the Hilbert function is a theorem of Chardin [23].

Theorem 1.2.12. Let V ⊆ Gnm be an equidimensional variety of dimension d = n− k,
and let ν ∈ N. Then

H(V ; ν) ≤
(
ν + d

d

)
deg(V ).
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On the other hand, as a consequence of a result of Chardin and Phillipon [24,
Corollaire 3] on Castelnuovo’s regularity, we have the following lower bound for the
Hilbert function.

Theorem 1.2.13. Let V ⊆ Gnm be an equidimensional variety of dimension d = n− k,
and m = k(δ0(V )− 1). Then, for any integer ν > m, we have

H(V ; ν) ≥
(
ν + d−m

d

)
deg(V ).

By means of these bounds, we aim to infer from Propositions 1.2.4 and 1.2.6 a hy-
persurface Z of degree δ0(V ) up to a multiplicative factor depending only on n and the
dimension of V , such that Vtors ⊂ V ∩Z ( V . We first present the following intermediate
result which we use for varieties defined over abelian extensions of Q.

Lemma 1.2.14. Let V ⊆ Gnm be an irreducible variety of dimension d = n − k. Let
M > 2 be a positive integer, and fix ζM a primitive M-th root of unity, such that V is
defined over Q(ζM ). Let φ ∈ Gal(Q(ζM )/Q) and let η ∈ µnM .

(a) If ηV φ 6= V , then there exists a homogeneous polynomial F ∈ Qab[x0, . . . , xn] of
degree at most 2k(2d+ 1)δ0(V ) such that F ≡ 0 on ηV φ and F 6≡ 0 on V .

(b) If V 6⊂ [2]−1(ηV φ), then there exists a homogeneous polynomial G ∈ Qab[x0, . . . , xn]
of degree at most 2nk(2d+ 1)δ0(V ) such that G ≡ 0 on [2]−1(ηV φ) and G 6≡ 0 on
V .

Proof. The proof of both cases is similar; however we choose to discuss both of them for
the subtleties.

(a) Since V is an irreducible variety, ηV φ is also irreducible and of the same degree.
By Theorem 1.2.12 we get, for any ν ∈ N,

H(ηV φ; ν) ≤
(
ν + d

d

)
deg(V ).

On the other hand, let V ′ = V ∪ ηV φ. This is a d-equidimensional variety of
degree 2 deg(V ). Thereby, using Theorem 1.2.13 we have, for any ν > m,

H(V ′; ν) ≥
(
ν + d−m

d

)
2 deg(V ),

where m = k(δ0(V ′) − 1). In particular, m ≤ 2kδ0(V ) due to Lemma 1.2.10.
Fixing ν = m(2d+ 1), we obtain the following inequalities
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(
ν + d

d

)(
ν + d−m

d

)−1

= (2dm+m+ d)!
(2dm+ d)! · (2dm)!

(2dm+m)! =
d∏
j=1

(v + j)
(v −m+ j)

≤
(

1 + m

ν −m

)d
=
(

1 + 1
2d

)d
≤ e1/2 < 2.

Hence, we have H(ηV φ; ν) < H(V ′; ν).
This implies that there exists a homogeneous polynomial F of degree ν such that
F ≡ 0 on ηV φ, and F 6≡ 0 on V ′ = ηV φ ∪ V . In particular F 6≡ 0 on V . Moreover,
deg(F ) = ν ≤ 2k(2d+ 1)δ0(V ). Notice that ηV φ and V are defined over Qab, so
one can choose F with coefficients in Qab. This proves (a).

(b) Let W = [2]−1(ηV φ). This is a d-equidimensional variety of degree 2k deg(V ). By
Theorem 1.2.12 we get, for any ν ∈ N,

H(W ; ν) ≤
(
ν + d

d

)
2k deg(V ).

On the other hand, consider H = [2]−1 Stab(V ) = Stab([2]−1(V )), and let W ′ =⋃
η∈H η · V . In fact if r = codimGn

m(Stab(V )), taking ϕ as in Corollary 1.2.3, we
have that H/ Stab(V ) ' ϕ(H) = [2]−1 Stab(ϕ(V )) = µr2. This variety W ′ is also
a d-equidimensional variety of degree 2r deg(V ), and k < r ≤ n. Thereby, using
Theorem 1.2.13 we have, for any ν > m,

H(W ′; ν) ≥
(
ν + d−m

d

)
2r deg(V ),

where m = k(δ0(W ′) − 1). In particular, m ≤ 2nkδ0(V ) due to Lemma 1.2.10.
Fixing ν = m(2d+ 1), we obtain the following inequalities(

ν + d

d

)(
ν + d−m

d

)−1

≤ e1/2 < 2r−k.

Hence, we have H(W ; ν) < H(W ′; ν).
This implies that there exists a homogeneous polynomial G̃ of degree ν such that
G̃ ≡ 0 onW = [2]−1(ηV φ), and G̃ 6≡ 0 onW ′. In particular, there exists an η0 ∈H
such that G̃ 6≡ 0 on η0V . Notice also that since W and W ′ are defined over Qab,
one can choose G̃ to have coefficients in Qab.
Let G(x) = G̃(η0 · x) ∈ Qab[x0, . . . , xn]. We have that G ≡ 0 on η−1

0 [2]−1(ηV φ).
Since the stabilizer is an algebraic subgroup, we have

Stab([2]−1(ηV φ)) = [2]−1 Stab(ηV φ) = [2]−1 Stab(V φ) = [2]−1 Stab(V ) = H.

In particular, η−1
0 ∈ Stab([2]−1ηV φ). So G ≡ 0 on [2]−1(ηV ). In addition, G 6≡ 0

on η−1ηV = V . Moreover, deg(G) = ν ≤ 2nk(2d+ 1), which proves (b).
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Notice that the cases of this result cover all the irreducible components of the
varieties V ′ arising from Proposition 1.2.6. Since we use Lemma 1.2.10 in the proof,
technically it does not include the variety of Proposition 1.2.4. We state the following
lemma to cover also this case.

Lemma 1.2.15. Let V ⊂ Gnm be an irreducible variety of dimension d = n− k, defined
over a finite Galois extension K of Q. Let φ ∈ Gal(K/Q) such that V φ 6= V . Then there
exists a homogeneous polynomial F ∈ K[x0, . . . , xn] of degree at most 2k(d+ 1)δ0(V ) such
that F ≡ 0 on V φ and F 6≡ 0 in V .

Proof. First of all, we prove that δ0(V ∪ V φ) ≤ 2δ0(V ), following the same inductive
argument as in Lemma 1.2.10. By the definition of δ0, there exists a variety X such
that V is an irreducible component of X and δ(X) = δ0(V ). Let S = {ψ ∈ 〈φ〉 |
V ψ is imbedded in X} and consider

X̃ = X ∩
⋂
ψ∈S

Xψ−1
.

We have that V is an irreducible component of X̃ and δ(X̃) = δ(X) = δ0(V ). Moreover
V ψ is not imbedded in X̃, for ψ ∈ 〈φ〉, by the same inductive argument as in Lemma 1.2.10.
If there was a φ ∈ 〈φ〉 such that V ψ is imbedded in X̃ ⊂ X, this would imply that V ψ

is imbedded in X and so ψ ∈ S. By induction, if ψn ∈ S for some n ≥ 1, X̃ ⊂ Xψ−n .
Hence V ψ is imbedded in Xψ−n , and so ψn+1 ∈ S. Therefore 〈φ〉 = S; in particular
Id ∈ S, which is a contradiction.

Next, for
Y = X̃ ∪ X̃φ,

we have that V and V φ are irreducible components of Y and δ(Y ) = 2δ0(V ). Hence
δ0(V ∪ V φ) ≤ 2δ0(V ).

The proof of the existence of a polynomial as in the statement is as the one of
Lemma 1.2.14(a).

The following theorem may be considered as a specialization of [2, Theorem 2.1] to
torsion subvarieties.

Theorem 1.2.16. Let V ⊂ Gnm be an irreducible variety of dimension d = n − k > 0,
defined over Q, such that Vtors 6= V . Let

θ0 = θ0(V ) = k(22n + 2n+1 − 2)(2d+ 1)δ0(V ).

Then Vtors is contained in a hypersurface Z defined over Q of degree at most θ0, which
does not contain V ; that is Vtors ⊂ V ∩ Z  V .
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Proof. Let K be the field of definition of V . When K is an abelian extension of Q, we
may distinguish both cases arising in Proposition 1.2.6. Let N be as in (1.2.2). Since
(ξ · V )tors = ξ · Vtors, after possibly translating the hypersurface Z by ξ−1, we can assume
that N = NK.

1. If 2 - N , by Proposition 1.2.6(1) we have that

Vtors ⊂ V ′ =
⋃

η∈µr
2\{1}

ϕ−1(η)V ∪
⋃
η∈µr

2

[2]−1(ϕ−1(η)V σ),

where σ ∈ Gal(Q(ζN )/Q) maps ζN 7→ ζ2
N ; and V ′ ∩ V ( V .

For each η ∈ µr2 \ {1} we have that V 6= ϕ−1(η)V . By Lemma 1.2.14(a), we
obtain a hypersurface Zη defined over Qab of degree at most 2k(2d+ 1)δ0(V ) such
that ϕ−1(η)V ⊂ Zη, and V 6⊂ Zη. Moreover, for each η ∈ µr2, we also have that
V 6⊂ [2]−1(ϕ−1(η)V σ), since V ∩ V ′ ( V . Thus, by Lemma 1.2.14(b), we obtain
a hypersurface Z ′η defined over Qab of degree at most 2nk(2d+ 1)δ0(V ) such that
[2]−1(ϕ−1(η)V σ) ⊂ Z ′η, and V 6⊂ Z ′η. For the union of these hypersurfaces

Z =
⋃

η∈µr
2\{1}

Zη ∪
⋃
η∈µr

2

Z ′η,

we have then

deg(Z) ≤
∑

η∈µr
2\{1}

2k(2d+ 1)δ0(V ) +
∑
η∈µr

2

2nk(2d+ 1)δ0(V ) ≤ θ0

and Vtors ⊂ V ∩ V ′ ⊂ V ∩ Z ( V .

2. If 4 | N , by Proposition 1.2.6(2) we have that

Vtors ⊂ V ′ =
⋃

η∈µr
2\{1}

ϕ−1(η)V ∪
⋃
η∈µr

2

ϕ−1(η)V τ ,

where τ ∈ Gal(Q(ζN )/Q) maps ζN 7→ ζ1+2N ′
N ; and V ′ ∩ V ( V .

We proceed as in (1), and by using Lemma 1.2.14(a) for each irreducible component
of V ′, we obtain a hypersurface Z defined over Qab such that

deg(Z) ≤
∑

η∈µr
2\{1}

2k(2d+ 1)δ0(V ) +
∑
η∈µr

2

2k(2d+ 1)δ0(V ) ≤ δ0,

and Vtors ⊂ V ∩ V ′ ⊂ V ∩ Z ( V .

Whenever K 6⊂ Qab, by Proposition 1.2.4 we have that Vtors ⊂ V ∩ V ς ( V , for any
non-trivial ς ∈ Gal(K/(Qab∩K)). Since V 6= V ς , by Lemma 1.2.15 there is a hypersurface
Z defined over K of degree at most 2k(2d+ 1)δ0(V ) ≤ θ0 such that Vtors ⊂ V ∩ Z ( V .
This concludes the proof.
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Notice that this should not be used in the case of treating curves, since the direct
approach yields already an optimal bound, see (1.2.3). This theorem proves useful in
treating varieties of higher dimension where an iterative application of Bézout’s theorem
only leads a bound with an exponential exponent for deg(V ).

1.2.3 Induction theorems

In this section we present the first main result of this chapter. Both of the proofs we
give in this section follow the same lines as the ones of Theorems 2.2 and 1.2 in [2].

First, we state a theorem which serves as an intermediate result.

Theorem 1.2.17. Let V0 ⊂ V1 be subvarieties of Gnm, such that V0 is irreducible, and
V1 is defined over Q. Let codim(Vi) = ki, i = 0, 1. Then, if V0 6⊂ V1,tors, there exists a
hypersurface Z ⊂ Gnm defined over Q of degree at most θ such that V0 * Z and V0,tors ⊆ Z,
where

θ = ((2n− 1)k0(22n + 2n+1 − 2))k0−k1+1δ(V1).

Proof. Assume that the statement in the theorem is false; that is, if Z is a hypersurface
defined over Q of degree at most θ containing V0,tors, then it contains the whole variety V0.
We proceed by building a chain of varieties

Xk1 = V1 ⊇ · · · ⊇ Xk0+1

satisfying, for every r = k1, . . . , k0 + 1, the following:

(i) V0 ⊂ Xr,

(ii) each irreducible component of Xr containing V0 has at least codimension r.

If a such chain exists, then there is an irreducible component of Xk0+1 which is at least
of codimension k0 + 1 containing V0. This yields a contradiction since the codimension of
V0 is k0, and concludes the proof.

We construct a chain like this by recursion. We demand Xr to satisfy the following
additional property for each Xr, r = k1, . . . , k0 + 1:

(iii) δ(Xr) ≤ Dr,

where
Dr = (k0(22n + 2n+1 − 2)(2n− 1))r−k1δ(V1).

First, notice that for r = k1 we already have that for the variety Xk1 properties
(i)–(iii) hold.

Next, let us assume that for r ≥ k1 we have constructed the variety Xr in the chain,
and write Xr = W1 ∪ · · · ∪Wt where the Wj ’s are the irreducible components of Xr.
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After possibly renumbering, by (i) there exists an s ≥ 1 such that V0 ⊂Wj if and only if
1 ≤ j ≤ s. By the hypothesis of the theorem, V0 6⊂ V1,tors, no Wj can be a torsion coset
for j = 1, . . . , s. Moreover, for these j’s, we have codim(Wj) ≤ k0 since V0 ⊂ Wj , and
δ0(Wj) ≤ δ(Xr). Thus, for every j = 1, . . . , s, Theorem 1.2.16 gives a hypersurface Zj
defined over Q such that

deg(Zj) ≤ k0(22n + 2n+1 − 2)(2n− 1)δ(Xr) ≤ Dr+1,

and
Wj,tors ⊂Wj ∩ Zj (Wj . (1.2.4)

The inclusion V0 ⊂ Wj also gives an inclusion of their respective torsion subvarieties.
Hence Zj is a hypersurface of degree at most Dr+1 ≤ θ containing V0,tors. By the
assumption in the proof, this implies that V0 ⊂ Zj .

With these Zj ’s, we define

Xr+1 = Xr ∩
⋂

j=1,...,s
Zj ,

which is defined over Q. Since V0 ⊂ Zj , for all j = 1, . . . , s, we have that V0 ⊂ Xr+1,
satisfying therefore property (i). To show that property (ii) holds for Xr+1, first observe
that the only irreducible components of Xr+1 containing V0 are irreducible components
of Wj ∩Z1 ∩ · · · ∩Zs for every j ≤ s. By construction of Xr we have that codim(Wj) ≥ r
for j ≤ s, since V0 ⊂ Wj for these j’s. Therefore, the second inclusion in (1.2.4) gives
codim(Wj ∩ Zj) ≥ r + 1, and so item (ii) is satisfied for r + 1. Finally, property (iii)
comes from the following inequalities

δ(Xr+1) ≤ max{δ(Xr),deg(Z1), . . . ,deg(Zs)} ≤ Dr+1.

Theorem 1.2.18. Let V ⊂ Gnm be a variety of dimension d > 0. For j = 0, . . . , d, let
V j

tors denote the j-equidimensional part of Vtors. Then, for every j = 0, . . . , d ,

deg(V j
tors) ≤ cn,jδ(V )n−j ,

where
cn,j = ((2n− 1)(n− 1)(22n + 2n+1 − 2))d(n−j).

Proof. First, assume that V is defined over Q. Write V = X0 ∪ · · · ∪Xd, where Xj are
the j-equidimensional part of V , for j = 0, . . . , d. For simplicity of notation, let us fix

θ = ((2n− 1)(n− 1)(22n + 2n+1 − 2))d δ(V ).

The key element is to prove the following inequality
d∑
j=0

θj deg(V j
tors) ≤

d∑
j=0

θj deg(Xj). (1.2.5)
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We then apply a result of Philippon [66, Corollaire 5] as we detail next. With the notation
as it appears loc. cit., we take m = n, S = Pn, δ = θ and Z1, . . . , Zl hypersurfaces of
degree at most δ(V ) ≤ θ that define V . By the definition of dϕ in [66, p. 347], when we
apply Corollaire 5 in loc. cit. to Sl = Pn · Z1 · · ·Zl, we obtain

d∑
j=0

θj deg(Xj) ≤ θn.

From this inequality follows, for every j = 0, . . . , d,

deg(V j
tors) ≤ θn−j = cn,j δ(V )n−j ,

proving the theorem.
The strategy to show inequality (1.2.5) is to build inductively a family of varieties

Y d, . . . , Y 0 satisfying, for each r = d, . . . , 0, the following:

(i) Y r is r-equidimensional,

(ii) Vtors ⊆ V d
tors ∪ · · · ∪ V r+1

tors ∪ Y r ∪Xr−1 ∪ · · · ∪X0,

(iii)
∑d
j=r+1 θ

j−r deg(V j
tors) + deg(Y r) ≤

∑d
j=r θ

j−r deg(Xj),

(iv) every irreducible component of Y r intersects Vtors, and is not contained in V d
tors ∪

· · · ∪ V r+1
tors .

Then inequality (1.2.5) is deduced by the inclusion V 0
tors ⊂ Y 0, which gives deg(V 0

tors) ≤
deg(Y 0).

Notice first that for r = d, Xd already satisfies (i)–(iii). We thus set Y d to be the
union of all irreducible components of Xd satisfying (iv). Next, let us assume that for
0 < r ≤ d we already have a variety Y r satisfying these properties and write

Y r = V r
tors ∪W1 ∪ · · · ∪Ws, for some s ≥ 0,

where the Wi’s are the irreducible components of Y r that are not in V r
tors. Observe that

if s = 0, Xr−1 already satisfies (i)–(iii), so we may take Y r−1 to be the union of all
irreducible components of Xr−1 satisfying (iv). Hence we assume s > 0. Moreover, after
possibly discarding some of these irreducible components, we can also assume that (iv) is
satisfied. Hence, no Wi is included in a torsion coset of V .

For each i = 1, . . . , s, we apply Theorem 1.2.17 to V0 = Wi and V1 = V , where
k0 ≤ n − 1, which gives a hypersurface Zi of degree at most θ such that Wi,tors ⊂
Wi ∩ Zi (Wi. Then Krull’s Hauptidealsatz implies that Wi ∩ Zi is either empty or an
(r − 1)-equidimensional variety. We hence define

Y r−1 = Xr−1 ∪
⋃

i=1,...,s
(Wi ∩ Zi).
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By construction, Y r−1 verifies properties (i) and (ii) for r− 1. Moreover, by Bézout’s
theorem we have

deg(Y r−1) ≤ θ
s∑
i=1

deg(Wi) + deg(Xr−1).

On the other hand, since Y r = V r
tors ∪W1 ∪ · · · ∪Ws, we may replace the inequality above

by
deg(Y r−1) ≤ θ

(
deg(Y r)− deg(V r

tors)
)

+ deg(Xr−1).

The addition of
∑d
j=r θ

j+1−r deg(V j
tors) on both sides of the inequality yields

d∑
j=r

θj+1−r deg(V j
tors) + deg(Y r−1)

≤
d∑
j=r

θj+1−r deg(V j
tors) + θ

(
deg(Y r)− deg(V r

tors)
)

+ deg(Xr−1)

= θ

( d∑
j=r+1

θj−r deg(V j
tors) + deg(Y r)

)
+ deg(Xr−1).

By property (iii) in the induction step for r, the sum can be bounded above, and therefore

θ

 d∑
j=r

θj−r deg(V j
tors) + deg(Y r)

+ deg(Xr−1) ≤
d∑

j=r−1
θj+1−r deg(Xj).

This shows that Y r−1 satisfies property (iii) for r− 1, concluding the proof for V defined
over Q.

To conclude the proof of the theorem, we have to deal with the case when V is not
necessarily defined over Q. First we prove that if Z is a hypersurface defined over C,
and Z ′ =

⋂
φ∈Aut(C/Q) Z

φ where Aut(C/Q) denotes the automorphisms of C that fix the
field Q, then Z ′ is a variety defined over Q. We do this in a similar fashion as Amoroso
and Viada’s proof of [3, Lemma 2.2].

Let f ∈ C[x1, . . . , xn] be a polynomial whose zero set is Z(f) = Z, and write f =∑r
i=1 λifi, where f1, . . . , fr ∈ Q[x1, . . . , xn] and λ1, . . . , λr ∈ C are linearly independent

over Q. Notice that, for every φ ∈ Aut(C/Q), Zφ is defined by the zeros of fφ =∑r
i=1 φ(λi)fi, and in particular Zφ ⊃ Z(f1, . . . , fr). Hence

Z ′ ⊃ Z(f1, . . . , fr). (1.2.6)

Moreover, since Q is a perfect field, by [12, Chapitre V, §15.6 Théorème 4(c)] there are
φ1, . . . , φr such that det

(
φj(λi)

)
i,j
6= 0. So, for all x ∈ Gnm,

fφj (x) =
r∑
i=1

φj(λi)fi(x) = 0, ∀j = 1, . . . , r =⇒ f1(x) = · · · = fr(x) = 0.
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Hence Z ′ ⊂
⋂r
j=1 Z

φj ⊂ Z(f1, . . . , fr). Together with (1.2.6), this gives Z ′ = Z(f1, . . . , fr)
and so Z ′ is defined over Q.

For V ⊂ Gnm a variety of any dimension, write V as the intersection of Z1, . . . , Zt
hypersurfaces defined over C. Notice that for every φ ∈ Aut(C/Q), V φ = Zφ1 ∩ · · · ∩ Z

φ
t .

Then V ′ :=
⋂
φ∈Aut(C/Q) V

φ is defined over Q, since Z ′j :=
⋂
φ∈Aut(C/Q) Z

φ
j is defined

over Q and V ′ = Z ′1 ∩ · · · ∩ Z ′t.
In addition, Vtors is defined over Q, so it is invariant by all the automorphisms

in Aut(C/Q), and we have that Vtors = V ′tors. The statement of the theorem follows
from the previous case over Q applied to V ′ and the fact that δ(V ′) ≤ δ(V ) and
dim(V ′) ≤ dim(V ).

Remark. Following the proofs of these theorems as presented by Amoroso and Viada [2]
we obtain that δ0(H) ≤ θ, for each maximal torsion coset ω ·H in V . Nevertheless,
sharper bounds than this one are already known, for example [8, Theorem 3.3.8] gives

δ(H) ≤ nδ(V ).

For a squarefree polynomial f ∈ C[x1, . . . , xn], the degree of f is equal to the degree of
definition of the variety given by f . This gives the weak version of the conjecture in (1.1.2).
Via homomorphisms one can deduce Ruppert’s conjecture from Theorem 1.2.18.

Corollary 1.2.19. Let f ∈ Q[x1, . . . , xn] be a polynomial with degxi
(f) = di > 0, for

i = 1, . . . , n, and V be the variety defined by the zeroes of f . Then the number of isolated
torsion points in V is bounded above by

cn,0 n
n d1 · · · dn,

where
cn,0 =

(
(2n− 1)(n− 1)(22n + 2n+1 − 2)

)n2−n
.

Proof. For each j = 1, . . . , n, let Dj = d1...dn
dj

, and consider the homomorphism

[D1, . . . , Dn] : Gnm −→ Gnm
(x1, . . . , xn) 7−→

(
xD1

1 , . . . , xDn
n

)
,

corresponding to the diagonal matrix with coefficients D1, . . . , Dn. The variety given by

f(xD1
1 , . . . , xDn

n ) is W = [D1, . . . , Dn]−1 V , and degxi
(W ) =

n∏
i=1

di, for every i = 1, . . . , n.

Then, W is of degree at most nd1 · · · dn, and by applying Theorem 1.2.18 to W we obtain
that

#W 0
tors ≤ cn,0(nd1 . . . dn)n.

The result follows from the fact that #W 0
tors = # Ker([D1, . . . , Dn]) #V 0

tors.
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In Theorem 1.2.18 we could have given a more precise bound, depending on the field
of definition of the variety V . To understand this, first observe that the varieties V ′ we
obtain in Propositions 1.2.4 and 1.2.6 are defined over the same field as V . Hence, in
Theorem 1.2.16 we could consider changing the definition of θ0, depending on which field
V is defined over. If the field of definition of V is an abelian extension of Q, sharpening
the value of θ0 does not change significantly our bound because the order of n in the
constants cn,j ’s remains essentially the same. However, in the case when V is not defined
over Qab, Theorem 1.2.16 holds also for

θ0 = 2k(2d+ 1)δ0(V ).

Using this definition of θ0 in Theorems 1.2.17 and 1.2.18, we can improve the bound
obtained in the latter. Hence, if V is not defined over Qab, the number of isolated torsion
points in V can be bounded above by(

2(2n− 1)(n− 1)
)n2−n

δ(V )n.

1.2.4 Proof of the conjectures

The idea to prove Aliev-Smyth’s conjecture is to proceed similarly as in the proof of
Corollary 1.2.19. Let f ∈ C[x1, . . . , xn] be a polynomial with Newton polytope ∆, and V
be the hypersurface given by f . Our aim is to give a homomorphism ϕ : Gnm → Gnm, such
that the determinant of the matrix representing ϕ is equal to κn deg(ϕ−1(V ))n, where
κn only depends on n. This direct approach does not work if we want to deal with any
polytope. Instead, we consider a family of homomorphisms ϕl : Gnm → Gnm such that the
limit

lim
l→∞

deg(ϕ−1
l (V ))n det(ϕl)−1

only depends on n.
First, we state a result of John [44, Theorem III] which allows us to compare the

volume of any convex polytope ∆ with the volume of the ellipsoid of smallest volume
containing ∆.

Theorem 1.2.20. Let S ⊂ Rn be a set such that its convex hull is of dimension n. If E
is the ellipsoid of smallest volume containing S, then the ellipsoid E′ which is concentric
and homothetic to E at ratio 1

n is contained in the convex hull of S.

An ellipsoid E in Rn is determined by an invertible matrix M ∈ GLn(R) and a vector
v ∈ Rn such that

Bn = M · E + v = {M · t+ v | t ∈ E}, (1.2.7)

where Bn represents the n-dimensional unit ball with respect to the L2-norm, centered
in 0. In particular, the volume of E is detemined by M :

voln(E) = |det(M)|−1ωn,



1.2. Bounds for the toric Manin-Mumford 39

where ωn is the n-volume of Bn.
For a polytope ∆ ⊂ Rn with integer vertices and of dimension n, John’s result gives

a way of including some affine deformation of ∆ in a homothety of the standard simplex

∆n = {t ∈ (R≥0)n | t1 + · · ·+ tn ≤ 1}

in such a way that both volumes differ by a multiplicative factor depending only on n.
The next proposition gives explicit construction of such translations and integer linear
transformations.

Proposition 1.2.21. Let ∆ ⊂ Rn be a convex polytope with integer vertices and of
dimension n. For any l ∈ N>0, there exists a non-singular integer matrix Ml ∈ GLn(Z)
and an integer vector τ l such that

Ml∆ + τ l ⊂ 2n(l +
√
n diam1(∆) + n)∆n, (1.2.8)

where diam1(∆) represents the diameter of ∆ with respect to the L1-norm. Moreover, a
family of such pairs {(Ml, τ l)}l>0 can be taken so that

lim
l→+∞

ln|det(Ml)|−1 ≤ nnω−1
n voln(∆). (1.2.9)

Proof. After possibly translating ∆ by an integer vector, we can always assume that

∆ ⊂ (R≥0)n, and ∆ ∩ {t ∈ Zn | ti = 0} 6= ∅, for every i = 1, . . . , n.

Thus for any matrix N ∈Mn×n(R) with maximum norm ||N || ≤ 1, we have

N ∆ ⊂
√
n diam1(∆)Bn. (1.2.10)

Let E be the ellipsoid of smallest volume containing ∆, and M ∈ GL(R) and v ∈ Rn

be as in (1.2.7).
Next, choose Ml ∈ GL(Z) and vl ∈ Zn to be integer approximations of lM and lv in

the following sense:
Ml = lM +M ′, ||M ′|| < 1;

vl = lv + v′, ||v′|| < 1;

where || · || denote the respective maximum norms.
Notice that, by inclusion (1.2.10) and the choice of matrices and vectors, we have

Ml∆ + vl ⊂ l(M · E + v) +M ′∆ + v′ ⊂ lBn +
√
n diam1(∆)Bn + nBn.

Thus, translating by (l+
√
n diam1(∆) +n)1, we guarantee that the above convex bodies

are all included in (R≥0)n. Therefore, taking

τ l = (l +
√
n diam1(∆) + n)1 + vl,
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we obtain

Ml∆ + τ l ⊂ (l +
√
n diam1(∆) + n)Bn + (l +

√
n diam1(∆) + n)1
⊂ 2n(l +

√
n diam1(∆) + n)∆n.

It remains to prove that the inequation (1.2.9) holds for these Ml’s and τ l’s. Using
John’s result (Theorem 1.2.20), we have that E′ ⊂ ∆, where E′ is an ellipsoid that is
concentric and homothetic to E with ratio 1

n . In particular,

voln(E′) = n−n voln(E) and voln(E′) ≤ voln(∆).

Therefore
|det(M)|−1 = ω−1

n voln(E) ≤ ω−1
n nn voln(∆).

In addition, by our choice of Ml, we have that

lim
l→+∞

ln|det(Ml)|−1 = | det(M)|−1.

Inequality (1.2.9) follows then directly.

By means of this proposition, we can take the bound in Theorem 1.2.18 and prove
the conjecture of Aliev and Smyth. Before that, let us define the notion of degree related
to a convex polytope we use in the theorem (see also Definition 2.2.4 for an equivalent
definition).

Definition 1.2.22. Let ∆ ⊂ Rn be a convex polytope with integral vertices. Given a
variety V ⊂ Gnm of dimension d, we define the degree associated to ∆ as

deg∆(V ) = #(V ∩ Z(f1, . . . , fd)),

where f1, . . . , fd ∈ C[x±1
1 , . . . , x±1

n ] are generic Laurent polynomials of Newton polytope ∆,
and Z(f1, . . . , fd) is the d-codimensional variety in Gnm defined by them.

This definition coincides with the degree of V with respect to the toric divisor D
associated to ∆. Then global sections of O(D) are related to Laurent polynomials with
Newton polytope ∆, see (2.2.5) for the precise statement.

Notice that deg∆ = deg∆+λ for every integer λ ∈ Zn. Moreover, from the inclusion
of polytopes ∆1 ⊂ ∆2, it follows that

deg∆1(V ) ≤ deg∆2(V ). (1.2.11)

In particular, since the usual degree corresponds to deg∆n , if ∆ contains the standard
simplex, we have deg(V ) ≤ deg∆(V ).
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To deal with polytopes of dimension strictly lower than n, we have to consider a
relative version of volume of the polytope instead of simply voln. For ∆ ⊂ Rn a convex
polytope with integer vertices, not necessarily of dimension n, we consider Λ(∆) the
lattice obtained after saturating the integer span of {λ1 − λ2 | λ1,λ2 ∈ ∆ ∩ Zn}.
Then, the relative volume of ∆, volΛ(∆)(∆), is the volume of ∆ for the Haar measure on
Λ(∆)⊗Z R normalized such that Λ(∆) has covolume 1.

Theorem 1.2.23. Let V ⊂ Gnm be a variety of dimension d. Let ∆ ⊂ Rn be a convex
polytope such V can be defined by polynomials in C[x±1

1 , . . . , x±1
n ] with support lying in ∆.

For j = 0, . . . , d, let V j
tors denote the j-equidimensional part of Vtors. Then, for every

j = 0, . . . , d ,
deg∆(V j

tors) ≤ c̃n,j volΛ(∆)(∆),

where
c̃n,j = 2nn2nω−1

n ((2n− 1)(n− 1)(22n + 2n+1 − 2))d(n−j),

and ωn is the volume of the n-sphere.

Proof. If ∆ is not of dimension n, we reduce to the case of full dimension as follows. Fix
a basis of Λ(∆), and complete it to a basis of Zn such that the covolume of the basis of
Λ(∆) in Λ(∆)⊗ R coincides with the covolume of the extended basis in Rn. Then we
can extend ∆ to a polytope ∆̂ ⊂ Rn of dimension n, by taking the Minkowski sum of ∆
with the vectors of the base extension. In particular, ∆̂ is a convex polytope with integer
vertices and such that ∆ is a facet of ∆̂. By (1.2.11), this implies that

deg∆(W ) ≤ deg∆̂(W ),

for any subvariety W ⊂ Gnm. Moreover, since the base extension preserves the covolume
of the respective bases, we have that volΛ(∆)(∆) = voln ∆̂. Therefore, we can assume
that ∆ is of dimension n.

Let Ml and τ l be as in Proposition 1.2.21. Let ϕl : Gnm → Gnm be the algebraic group
endomorphism defined by Ml, see (1.2.1). By the inclusion (1.2.8), for any polynomial
f ∈ C[x±1

1 , . . . , x±1
n ] with support supp(f) ⊂ ∆, we have

supp
(
f(ϕl(x)) · xτ l

)
⊂ 2n(l +

√
n diam1(∆) + n)∆n.

So we have that f(ϕl(x) · xτ l) is of degree at most 2n(l +
√
n diam1(∆) + n).

Write W = ϕ−1
l (V ). We have that δ(W ) ≤ 2n(l +

√
n diam1(∆) + n). In addition,

for every j = 0, . . . , d , we have that W j
tors = ϕ−1

l (V j
tors). Then, for a fixed j, by

Theorem 1.2.18, we have the following inequality:

deg(W j
tors) ≤ cn,j

(
2n(l +

√
n diam1(∆) + n)

)n−j
. (1.2.12)
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We proceed to compare deg(W j
tors) and deg∆(V j

tors). To do this, take generic Laurent
polynomials f1, . . . , fj with Newton polytope ∆, and so

deg∆(V j
tors) = #(V j

tors ∩ Z(f1, . . . , fj)).

Given a polynomial g, the zeroes of g(x) and g(x) · xτ l define the same variety. Hence

ϕ−1
l (V j

tors ∩ Z(f1, . . . , fj)) = W j
tors ∩ Z

(
f1(ϕl(x)) · xτ l , . . . , fj(ϕl(x)) · xτ l

)
.

Then, Bézout’s theorem gives

#
(
W j

tors∩Z
(
f1(ϕl(x))·xτ l , . . . , fj(ϕl(x))·xτ l

))
≤ deg(W j

tors)
(
2n(l+

√
n diam1(∆)+n)

)j
,

and since #(ϕ−1
l (y)) = |det(Ml)| for any point y ∈ Gnm, we have

| det(Ml)| deg∆(V j
tors) =

#ϕ−1
l

(
V j

tors ∩ Z(f1, . . . , fj)
)
≤ deg(W j

tors)
(
2n(l +

√
n diam1(∆) + n)

)j
.

Combining this inequality with the one in (1.2.12), we obtain

deg∆(V j
tors) ≤ cn,j(2n)n (l +

√
n diam1(∆) + n)n|det(Ml)|−1. (1.2.13)

Finally, we use the inequality (1.2.9) and take the limit l→∞ in (1.2.13) to conclude

deg∆(V j
tors) ≤ cn,j 2nn2nω−1

n voln(∆).

Notice that deg∆ of 0-dimensional varieties does not depend on the polytope. There-
fore, equation (1.1.5) is a direct consequence of this theorem.

Remark. Given V ⊂ Gnm a variety defined by dense polynomials, that is their Newton
polytopes are homotheties of the standard simplex; we observe that the bound coming
from Theorem 1.2.18 and the one from Theorem 1.2.23 differ only by a multiplying
factor 2nn2nωn. This does not increase the order in n of the constants given by these
theorems.

Both conjectures follow as a direct consequence to this theorem. Let V ⊂ Gnm be a
hypersurface given by a polynomial f ∈ C[x1, . . . , xn]. If we take ∆ = [0, d1]×· · ·× [0, dn]
where (d1, . . . , dn) is the multidegree of f , Theorem 1.2.23 for j = 0 proves Ruppert’s
conjecture (Conjecture 1.1.1). Even though a slightly better constant could be obtained
directely from Theorem 1.2.18, see Corollary 1.2.19. On the other hand, if we take ∆ as
the Newton polytope of f , Theorem 1.2.23 for j = 0 proves Aliev-Smyth’s conjecture
(Conjecture 1.1.2).
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1.2.5 Example

We build an example to show that the dependence on the multidegree in Ruppert’s
conjecture (Conjecture 1.1.1) is optimal and the constant cn must depend on n. To do
this, we first present a result of Conway and Jones on vanishing sums of roots of unity.
Let us define, for m ∈ N>0,

Ψ(m) := 2 +
∑
p|m

p prime

(p− 2).

The theorem of Conway and Jones [26, Theorem 5] states the following.

Theorem 1.2.24. Let ξ1, . . . , ξN be N roots of unity. Let a1, . . . , aN ∈ Z such that
S = a1ξ1 + . . .+ aNξN = 0 is minimal; that is there are no non-trivial vanishing subsums
of S. Let

m = lcm(ord(ξ2/ξ1), . . . , ord(ξN/ξ1)).

Then Ψ(m) ≤ N .

We present the following consequence to this result, which we use in the construction
of our example.

Lemma 1.2.25. Let p1, . . . , pn be n different primes such that pi > n + 1 for every
i = 1, . . . , n, and ω1, . . . , ωn be roots of unity such that

S := ζp1 + · · ·+ ζpn + ω1 + · · ·+ ωn = 0.

Then, up to reordering, S = S1 + · · ·+Sn, where Si = ζpi +ωi = 0, for every i = 1, . . . , n.

Proof. Let ζp1 + · · ·+ ζpn + ω1 + · · ·+ ωn = S1 + · · ·+ St, t ≥ 1, be a decomposition in
minimal vanishing and non-trivial subsums. We have to prove that each Sj contains at
most one term ζpi .

If this is not the case, there exists a minimal vanishing subsum S with at least three
elements. Without loss of generality, we may assume that ζp1 and ζp2 are summands
of S. Then taking m as in Theorem 1.2.24, we have that p1 · p2|m. Therefore

Ψ(m) ≥ Ψ(p1 · p2) = p1 + p2 − 2 > 2n.

On the other hand, by the minimality of S, Theorem 1.2.24 implies that Ψ(m) ≤ 2n.
This gives the contradiction that yields the proof.

Example 1.2.26. Let p1, . . . , pn be n different primes such that pi > n + 1, for every
i = 1, . . . , n. Let W be the variety defined by the zeros of

g(x1, . . . , xn) = x1 + · · ·+ xn − (ζp1 + · · ·+ ζpn).
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By Lemma 1.2.25, we have

Wtors =
{
ω ∈ Gnm | {ω1, . . . , ωn} = {ζp1 , . . . , ζpn}

}
.

Thus, Wtors = Wtors is a finite set with n! elements.
Let d1, . . . , dn ∈ N>0, and consider the homomorphism associated to the diagonal

matrix (d1, . . . , dn):

[d1, . . . , dn] : Gnm −→ Gnm
x 7−→ (xd1

1 , . . . , x
dn
n ).

Let V = [d1, . . . , dn]−1(W ), which is the hypersurface in Gnm defined by the zeros of

f(x1, . . . , xn) = xd1
1 + · · ·+ xdn

n − (ζp1 + · · ·+ ζpn).

Then we have that the torsion subvariety of V is the preimage of Wtors, which is

Vtors =
{
ω ∈ Gnm | {ω

d1
1 , . . . , ω

dn
n } = {ζp1 , . . . , ζpn}

}
.

Which allows us to conclude that the number of (isolated) torsion points in V is n!d1 · · · dn,
proving the dependence on the multidegree of Corollary 1.2.19 to be optimal.

A further remark can be made for the bounds on the number of j-dimensional torsion
cosets that follow from Theorem 1.2.18, for positive values of j.

Remark 1.2.27. Fix j = 1, . . . , n− 1. Similar to the example above, we can construct
a variety W ⊂ Gn−jm such that Wtors = W 0

tors is a set of (n− j)! elements. Consider the
group homomorpshism

ϕ : Gnm −� Gn−jm , (x1, . . . , xn) 7−→ (xd1, . . . , xdn−j).

Then V = ϕ−1(W ) is a variety with non trivial stabilizer, indeed Stab(V ) ' Gjm, and

Vtors =
{
ω ×Gjm ⊂ Gn−jm ×Gjm | [d]ω ∈Wtors

}
.

This implies that Vtors is the union of (n− j)!dn−j distinct j-dimensional torsion cosets,
and shows also the optimality of the bound for positive dimensional torsion cosets in
terms of the degree of the variety.

1.3 Bounds for the abelian Manin-Mumford

Let A be an abelian variety of dimension g defined over a number field K. After possibly
replacing K by a finite algebraic extension, we assume that K satisfies that the l-adic
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representations attached to A are independent in the sense of Theorem 1.3.1, and all
the simple factors of A are defined over K. Let ι : A ↪→ Pn be a fixed closed immersion
into a projective space some dimension n, given by a very ample symmetric line bundle.
Moreover, we assume that i(A) is projectively normal subvariety of Pn.

When considering subvarieties of A they are defined over a fixed algebraic closure of
K unless stated otherwise. Moreover, when we say that a variety is irreducible, we imply
it is geometrically irreducible.

This section is an analogy of the previous in the case of Abelian varieties, we may
therefore choose to omit a complete exposition of some of the proofs due to its similarities
to their toric analogues.

1.3.1 Galois action on torsion points

Although there seems to be a common behaviour between torsion points in the torus and
in abelian varieties, the more complex structure of the latter ones also transpires in our
setting.

First, to fix notations, we denote the multiplication map by k, with k ≥ 0, as the
isogeny

[k] : A −→ A

P 7−→
k times︷ ︸︸ ︷

P + · · ·+ P ,

whose kernel are the k-torsion points of A. The multiplication maps are defined by
algebraic polynomials when we consider A as a subvariety of the projective space, which
implies the algebraicity of torsion points.

As comparison with the previous section, a torsion point in the torus, being a vector
of roots of unity, is always defined over a cyclotomic extension of Q, namely the Q(ζk)
where k is the order of the torsion point and ζk a primitive k-th root of unity. Thus, the
Galois action on torsion points in Gnm is a well understood topic. However, this is not the
case for abelian varieties. The field of definition of a torsion point is not straightforwardly
determined, strongly depending on the choice of A. Nevertheless, Galois automorphisms
fixing the base field K do not change the order of a torsion point. This motivates the
study of `-adic representations attached to abelian varieties, which we briefly discuss
below.

For a natural number k, the group of the k torsion points of A, denoted as A[k], is a
Z/kZ-module. Given a prime `, we define the `-adic Tate module of A as

T`(A) = lim
k←−
A[`k],
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which is a free Z`-module of rank 2g. The absolute Galois group of K, Gal(K/K), acts
over T`(A) by a representation

ρ` : Gal(K/K) −→ Aut(T`(A)) ' GL2g(Z`)

which is induced by the Galois action on each A[`k], k ≥ 0. For simplicity, we denote
by GK,` the image by ρ` of the absolute Galois group of K. Bogomolov proved that
GK,` contains an open subgroup of the homotheties Z∗` of GL2g(Z`), see [7, Théorème 2]
and [6]. That is, for every prime `, the index

c` = [Z∗` : GK,` ∩ Z∗` ]

is finite. A long-standing conjecture of Lang states that c` = 1 for all but a finite number
of primes `. For elliptic curves without complex multiplication this is a consequence to
Serre’s open image theorem (see Théorème 3 and Corollaire of Théorème 5 in [79]). A
further result of Serre states that c` can be bounded independently of ` for any Abelian
variety.

The family of `-adic representations defines a representation

ρ =
∏
`

ρ` : Gal(K/K) −→
∏
`

Aut(T`(A)) ' GL2g(Ẑ).

The following result of Serre [80, Théorème 1] gives a way of glueing all these together.
We refer to [81, Théorème 1] for a proof of the statement.

Theorem 1.3.1. There is a finite extension K ′ of K such that ρ : Gal(K ′/K ′) →∏
`GK′,` is surjective.

Indeed this finite extension K ′ of K depends on A. Without loss of generality, we
may replace K by K ′ in the sequel. This, together with the existence of a bound for the
c`’s for varying `, gives the following result which is also due to Serre [80, Théorème 2’].
We refer to [85, Théorème 3] for a proof of the statement.

Theorem 1.3.2. There is an integer c ≥ 1 such that if n and k are coprime positive
integers, there is a Galois automorphism σ ∈ Gal(K/K) satisfying

σ|A[n] = [kc]|A[n].

Remark 1.3.3. The problem of finding an explicit effective expression for the constant c
(and K ′) in terms of A is still open. Some advancements towards obtaining an explicit
constant where made by Wintenberger in [85], where he gives a proof of Theorem 1.3.2.

Giving an explicit value of c is also a simple instance of explicit versions of Mumford-
Tate’s conjecture on the closure of the whole ρ(Gal(K/K)). Recent results in this
direction were made by Lombardo, who gave first explicit versions of Serre’s open image
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theorem in [55, Theorem 9.1], and then extended to some more general cases. Nevertheless
these results aim at a much more ambitious problem, and the bounds obtained do not
seem suitable for our purpose of finding sharp bounds.

For a subvariety V ⊂ A, we define the stabilizer of V in A as

Stab(V ) = {P ∈ A(K) | P + V = V }.

As it was the case for the torus, we have dim(Stab(V )) ≤ dim(V ). When V is irreducible,
the equality holds if and only if V is a translate of an irreducible algebraic subgroup of A.
By Poincaré’s irreducibility theorem, the abelian variety A is isogenous to a product of
abelian varieties

B × Stab(V )0 (1.3.1)

where Stab(V )0 is the connected component of Stab(V ) containing 0, and B is an abelian
subvariety of A. Then, by taking the quotient of A by Stab(V ) we obtain an abelian
variety which is isogenous to B. By abuse of notation, we denote by B the abelian variety
obtained by this quotient. So, there exists a surjective group homomorphism

ϕ : A −� B, (1.3.2)

such that Ker(ϕ) = Stab(V ). In particular ϕ(V ) is a subvariety of B with trivial stabilizer.
Up to replacing K by a finite extension, we can assume that all the simple factors of A
are defined over K, and so is also ϕ. From here on forward, when we refer to the field
K over which A is defined, we always assume that all the simple factors of A are also
defined over K.

Let V ⊂ A be a subvariety defined over K. We denote by KV the minimal algebraic
extension of K such that V is defined over it, and then we say that V is defined over KV .
In particular, if ϕ is as in (1.3.2), ϕ(V ) is also defined over KV .

The first case we need to consider is when KV is not contained in K(Ators). Here
K(Ators) plays the role of Qab in Proposition 1.2.4, yielding by the same arguments the
following result.

Proposition 1.3.4. Let V ⊂ A be an irreducible variety of positive dimension that is not
defined over K(Ators). For every non-trivial automorphism ς ∈ Gal(KV /(KV ∩K(Ators))),
we have

Vtors ⊂ V ∩ V ς ( V.

The rest of this section is devoted to the case when KV ⊂ K(Ators). This case is
more involved because of the fields of definition of torsion points in abelian varieties.
Denote by v2 the 2-adic valuation of an integer, and

c2 = v2(c),
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with c the integer constant from Theorem 1.3.2. Fix M ≥ 1 the smallest integer such
that

KV ⊂ K(A[M ]) and v2(M) ≥ c2 + 2. (1.3.3)

For every M -torsion point R ∈ A[M ], we consider the set N (R) of integers α > −v2(M),
such that there exists a Galois automorphism σ ∈ Gal(K/K) satisfying

σ|A[M ] = [(1 + 2αM)c]|A[M ] and (V +R)σ = V +R.

Notice that α > −v2(M) implies the coprimality of M and 1 + 2αM . Henceforth, it
enables the use of Theorem 1.3.2 to show in the first place the existence of a σ with a
such restriction to A[M ].

Remark. For every non-negative α ∈ N (R), M and 1 + 2αM are coprime, by Theo-
rem 1.3.2 there exists a σ ∈ Gal(K/K) such that σ|A[M ] = [(1 + 2αM)c]|A[M ]. We have
that (1 + 2αM)c ≡ 1 (mod M). Thus, for each M -torsion point R ∈ A[M ] we have that
[(1 + 2αM)c]R = R. Moreover, since KV ⊂ K(A[M ]), this implies that

(V +R)σ = V σ +Rσ = V +R.

Hence, N ⊂ N (R).

It then makes sense to take β(R) to be the biggest integer in Z \ N (R). Take

β = min
R∈A[M ]

β(R). (1.3.4)

In particular, we have −v2(M) < β ≤ −1.
Since Vtors +R = (V +R)tors for any torsion point R, throughout this paragraph we

will continuously assume that β = β(0). Then, we define

N = 2β+1M. (1.3.5)

It is an integer since β ≥ −v2(M), and in fact even. This integer plays the same role of
the integer N defined in (1.2.2) for the toric case.

Let us give an easy computation on the behaviour of the 2-adic valuation of the
coefficients in binomial expansions.

Lemma 1.3.5. Let 2 ≤ γ ≤ δ be two integers. For any integer k with 2-adic valuation
v2(k) ≥ 2, we have

v2

((
δ

γ

)
kγ
)
≥ v2(k) + v2(δ) + 1.
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Proof. First, since γ, δ ≥ 1, we have(
δ

γ

)
= δ

γ

(
δ − 1
γ − 1

)
.

Thus, by developing we obtain

v2

((
δ

γ

)
kγ
)
≥ v2(δ)− v2(γ) + γ v2(k) = v2(δ) + v2(k) + (γ − 1)v2(k)− v2(γ).

Since v2(k) ≥ 2, the proof can be reduced to the simple verification of

2γ − 2− v2(γ) ≥ 1.

The statement follows then trivially by the choice of γ ≥ 2.

This allows us to better bound the value β.

Lemma 1.3.6. Let V ⊂ A, and β defined in (1.3.4). Then

β ≤ −c2 − 1.

In particular, for M and N as in (1.3.3) and (1.3.5), respectively, we have

v2(N) + c2 ≤ v2(M).

Proof. The inequality is equivalent to showing that, for each R ∈ A[M ],

β(R) ≤ −c2 − 1.

This is trivially true when c2 = 0.
Assume c2 ≥ 1. Fix an integer α ≥ −c2, we develop the binomial

(1 + 2αM)c = 1 + 2α cM +
c∑

γ=2

(
c
γ

)
(2αM)γ .

Notice that 2αc ∈ N, because of the choice of α. Hence, M divides 2α cM . Moreover,
by (1.3.3), we have that v2(2αM) ≥ α+ c2 + 2 ≥ 2. Thus, Lemma 1.3.5 shows that, for
every γ ≥ 2,

v2
((c
γ

)
(2αM)γ

)
≥ v2(M) + α+ c2 + 1 > v2(M),

which gives that M divides
(c
γ

)
(2αM)γ , for γ ≥ 2. We then have

[(1 + 2αM)c]|A[M ] = Id .

So β(R) ≤ −c2 − 1, for every R ∈ A[M ], which concludes the proof.
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With these tools we can give an explicit description of another subvariety contain-
ing Vtors.

Proposition 1.3.7. Let V ⊂ A be an irreducible subvariety of A defined over K(Ators).
Let M and β be the integers defined in (1.3.3) and (1.3.4), and assume that β attains
its minimum at 0. Then there exist two Galois automorphisms σ, ρ ∈ Gal(K/K) whose
respective restrictions to A[M ] are

σ|A[M ] = [(2 + 2−v2(M)M)c]|A[M ] and ρ|A[M ] = [(1 + 2βM)c]|A[M ], (1.3.6)

such that

V ′ :=
⋃

P∈A[4c]

[
2c]−1(

V σ + P
)
∪

⋃
P∈A[2]

(
V ρ + P

)
∪

⋃
P∈A[2]\{0}

(
V + P )

)
satisfies Vtors ⊂ V ′.

Proof. Fix a torsion point Q ∈ Vtors of order l ≥ 1.
The strategy of the proof starts by considering three different cases according to

the 2-adic valuation of l. For each of these, we obtain a Galois automorphism whose
action on A[l] can be easily described. If v2(l) ≤ c2 + 2, we show that there is an element
σ ∈ Gal(K/K) such that Qσ ≡ [2c]Q (mod A[4c]). If c2 +2 < v2(l) ≤ c2 +β+1+v2(M),
we show that there is an element ρ ∈ Gal(K/K) such that Qρ ≡ Q (mod A[2]). If
v2(l) > c2 + β + 1 + v2(M), we show that there is an element τ ∈ Gal(K/K) such that
Qτ −Q ∈ A[2]. Moreover, these automorphisms σ, ρ and τ can be chosen such that their
restrictions to A[M ] are independent of Q and l; being this restriction as in (1.3.6) for σ
and ρ, and τ|A[M ] = Id. In particular, the restriction to KV ⊂ K(A[M ]) does not depend
on Q and l.

Before giving the details of the proof, we introduce the following notation:

m = lcm(l,M), and m′ = 2−v2(m)m.

To have a certain control on the p-adic difference of l and M , for p > 2, we denote by
λ, µ ∈ Z two coefficients satisfying the Bézout identity (2v2(M))λ +

(
m′

2−v2(M)M

)
µ = 1.

Then
m′µ ≡ 2−v2(M)M (mod M) (1.3.7)

The fact that 2 - m′µ follows from the definition of M in (1.3.3) and is strongly used
below. It should be kept in mind throughout the proof.

1. If v2(l) ≤ c2 + 2, we make use of the fact that gcd(m, 2 + m′µ) = 1. Hence, by
Theorem 1.3.2, there exists an autormorphism σ ∈ Gal(K/K) such that

σ|A[m] = [(2 +m′µ)c]|A[m].
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This Galois automorphism maps Q to

Qσ = [2c]Q +
∑

1≤γ≤c

[(c
γ

)
2c−γ(m′µ)γ

]
Q (1.3.8)

Firstly, since 2 - m′µ, we have that [(m′µ)γ ]Q is a point of order 2v2(l), for every
γ = 1, . . . , c. In particular, we have [

(c
γ

)
2c−γ(m′µ)γ ]Q ∈ A[2c2+2]. We derive from

this that for some point P ∈ A[2c2+2] ⊂ A[4c] we have

Qσ = [2c]Q− P.

On the other hand, by definition ofM in (1.3.3), v2(M) ≥ c2 +2 ≥ v2(l). Therefore,
v2(m) = v2(M). In addition, using the congruence in (1.3.7), we obtain

σ|A[M ] = [(2 + 2−v2(M)M)c]|A[M ].

2. Assume next c2 + 3 ≤ v2(l) ≤ c2 + β + 1 + v2(M) = c2 + v2(N), with N = 2β+1M

as in (1.3.5).

Since 2 ≤ v2(N)− 1 < v2(M), we have that 1 + 2v2(M)−1m′µ is an integer coprime
to m. Hence, by Theorem 1.3.2, there exists an automorphism ρ ∈ Gal(K/K) such
that

ρ|A[m] = [(1 + 2v2(N)−1m′µ)c]|A[m].

This Galois automorphism maps Q to

Qρ = Q+ [c2v2(N)−1m′µ]Q+
∑

2≤γ≤c

[(c
γ

)
(2v2(N)−1m′µ)γ

]
Q. (1.3.9)

Let γ ≥ 2. Since v2(2v2(N)−1m′µ) = v2(N)− 1 ≥ 2, Lemma 1.3.5 gives

v2

((
c
γ

)
(2v2(N)−1m′µ)γ

)
≥ v2(N)− 1 + c2 + 1 = v2(N) + c2 ≥ v2(l).

Thus, for the corresponding terms in (1.3.9), we have that [
(c
γ

)
(2v2(N)−1m′µ)γ ]Q = 0.

Moreover, since v2(c2v2(N)−1m′µ) = c2 + v2(N) − 1 ≥ v2(l) − 1, we have that
[c2v2(N)−1m′µ]Q is a point of order dividing 2. From this we derive that for some
point P ∈ A[2], we have

Qρ = Q − P.

Using the congruence in (1.3.7), ρ acts on A[M ] as

ρ|A[M ] = [(1 + 2v2(N)−1−v2(M)M)c]|A[M ] = [(1 + 2βM)c]|A[M ].
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3. For the last case, assume v2(l) ≥ max{c2 + 3, c2 + v2(N) + 1}.

Since 1 < v2(l)−c2−1 ≤ v2(m), we have that 1+2v2(l)−c2−1m′µ is an integer coprime
to m. Hence, by Theorem 1.3.2, there exists an automorphism τ ∈ Gal(K/K) such
that

τ|A[m] = [(1 + 2v2(l)−c2−1m′µ)c]|A[m].

This Galois automorphism maps Q to

Qτ = Q+ [c2v2(l)−c2−1m′µ]Q+
∑

2≤γ≤c

[(c
γ

)
(2v2(l)−c2−1m′µ)γ

]
Q (1.3.10)

Similarly to the preceding case, v2(2v2(l)−c2−1m′µ) ≥ 2 and Lemma 1.3.5 yields
the equality [

(c
γ

)
(2v2(l)−c2−1m′µ)γ ]Q = 0, for γ = 2, . . . , c. Moreover, since

v2(c2v2(l)−c2−1m′µ) = v2(l) − 1, we have that [c2v2(l)−c2−1m′µ]Q is a point of
order 2. From this we derive that for some point P ∈ A[2] \ {0} we have

Qτ = Q − P.

On the other hand, by the congruence in (1.3.7)

τ|A[M ] = [(1 + 2v2(l)−c2−1−v2(M)M)c]|A[M ].

Furthermore, notice that α := v2(l)−c2−1−v2(M) ≥ v2(N)−v2(M) = β+1. This
implies that α ∈ N (0), and so there exists a Galois automorphism τ ′ ∈ Gal(K/K)
that is not necessarily τ , but coincides with it on A[M ], such that V τ ′ = V . Since
V is defined over K(A[M ]), V τ = V τ ′ = V .

By means of the closed immersion fixed at the beginning of this section, we may
identify every subvariety X ⊂ A with its image by ι. This allows us to consider the
degree of X as the degree of the Zariski closure of ι(X) in Pn. The definition of this
degree depends on the chosen immersion.

It is essential to have some control over the degree with the operations in A. First, it
is invariant by translations in A, see for instance [42, Lemme 7]. For the multiplication
map by k ∈ N∗, a result of Hindry [42, Lemme 6(ii)] gives, for every subvariety X ⊂ A,

deg([k]−1(X)) = k2 codimA(X) deg(X). (1.3.11)

We have all the ingredients to prove the following result.
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Proposition 1.3.8. Let V ⊂ A be an irreducible subvariety defined over K(Ators), and
ϕ : A� B be a homomorphism of algebraic groups defined over K as in (1.3.2). Assume
that the β in (1.3.4) relative to ϕ(V ) ⊂ B attains its minimum at 0. Then, there exist
two Galois automorphisms σ, ρ ∈ Gal(K/K), such that Vtors is contained in

V ′ =
⋃

P∈B[4c]

[
2c]−1(

V σ + ϕ−1(P )
)
∪

⋃
P∈B[2]

(
V ρ + ϕ−1(P )

)
∪

⋃
P∈B[2]\{0}

(
V + ϕ−1(P )

)
,

and V ′ ∩ V ( V .

Proof. Since ϕ is a group homomorphism, ϕ(V ∩ Ators) = ϕ(V ) ∩ Btors. In fact, since
Ker(ϕ) = Stab(V ), we have ϕ−1(ϕ(V )tors) = Vtors. Notice that the variety V ′ is the
preimage of the variety we obtain by applying Proposition 1.3.7 to ϕ(V ). This already
gives the inclusion Vtors ⊂ V ′. Then, to prove V ′ ∩ V ( V it is enough to proof that
ϕ(V ) ∩ ϕ(V ′) ( ϕ(V ). To simplify the notations, let us assume that V has trivial
stabilizer, so ϕ = Id and B = A in the rest of the proof.

Take the Galois automorphisms σ, ρ ∈ Gal(K/K) to be as in Proposition 1.3.7. We
separate the proof in three cases, corresponding to each group of varieties in the expression
of V ′.

1. First, we show that V 6⊂ [2c]−1(V σ + P ), for every P ∈ A[4c].

Assume that there is a such point P ∈ A[4c] such that V ⊂ [2c]−1(V σ + P ). Then,⋃
R∈A[2c]

V +R ⊂ [2c]−1(V σ + P ).

On the left-hand side we have (2c)2g different varieties of degree deg(V ), because
V is assumed to have trivial stabilizer. This gives a variety of degree (2c)2g deg(V ).
However, due to (1.3.11), we have that the variety on the right is of degree

(2c)2 codimA(V ) deg(V ) < (2c)2g deg(V ).

This yields a contradiction.

2. Next, we show that V 6⊂ V ρ + P , for every P ∈ A[2]. Let M and β be as defined
in (1.3.3) and (1.3.4), respectively. Recall that this case only arises whenever
β + v2(M) ≥ 2. As mentioned above, we are under the hypothesis that β = β(0).

Assume that V ρ + P = V for some P ∈ A[2]. Let R ∈ A[2c2+β+1M ] such that
[c 2βM ]R = [2c2+βM ]R = P . By Lemma 1.3.6, β < −c2, and we have R ∈ A[M ].
Then, by the explicit expression of the action of ρ on A[M ], we get

Rρ = [(1 + 2βM)c]R = R+ P +
∑

2≤γ≤c

[(c
γ

)
(2βM)γ

]
R. (1.3.12)
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Let γ ≥ 2. Since v2(2βM) ≥ 2, Lemma 1.3.5 gives

v2

((
c
γ

)
(2βM)γ

)
≥ β + v2(M) + c2 + 1.

Thus, for the corresponding summands in (1.3.12), we have that 2c2+β+1M di-
vides

(c
γ

)
(2βM)γ . Since R ∈ A[2c2+β+1M ], this gives [

(c
γ

)
](2βM)γ ]R = 0. Then

(V +R)ρ = V ρ +Rρ = V − P + (R+ P ) = V +R.

This implies that V +R is fixed by ρ, and we conclude that β ∈ N (R).

Take α ≥ β + 1 = β(0) + 1. By definition of β(0), there exists an automorphism
ρ0 ∈ Gal(K/K) such that ρ0|A[M ] = [(1 + 2αM)c] and ρ0(V ) = V . Notice that
2β+1M divides 2αM . So by expanding Rρ0 as in (1.3.12), we readily obtain Rρ0 = R.
Hence, we also have (V +R)ρ = V ρ0 +Rρ0 = V +R, which shows that α ∈ N (R).

From the above statements, we conclude that β + N≥0 ⊂ N (R). Therefore,

β(R) < β,

and this contradicts the minimality of β.

3. Finally, the fact that V 6= V + P for every P ∈ A[2] \ {0} follows directly from the
assumption that V has trivial stabilizer.

1.3.2 The case of a curve

Proposition 1.3.8 is enough to give an explicit upper bound (modulo the constant c) for
the number of torsion points in a curve of genus greater than 1 in an Abelian variety.
Indeed, the result we give in this section is the analogue of Beukers and Smyth’s one
in [5]; that is an explicit upper bound for the number of torsion points in V , when V is a
curve.

Proposition 1.3.9. Let C ⊂ A be an irreducible algebraic curve of genus greater than 1.
Then

#Ctors ≤ (22gc+4g−2c c2g + 22g+1 − 1) deg(C)2.

Proof. The result follows directly from computing the degree of V ′ in Proposition 1.3.7,
which is ((4c)2g (2c)2(g−1) + 22g + 22g − 1) deg(C). So, due to Proposition 1.3.8 a straight-
forward application of Bézout’s theorem yields the result.
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Remark. A mild improvement can be made to this bound if we assume the Abelian
variety is in fact the Jacobian J of a smooth irreducible projective curve C, with the
closed immersion J ↪→ Pn, given by taking m times the theta-divisor coming from the
Abel maps, choosing m so that the resulting divisor is very ample. So C is of genus g > 1,
and by Poincaré’s formula (see for instance [60, Equation (4)]), deg(C) = mg. In this
case C and J are defined over the same number field. This implies that in the proof of
Proposition 1.3.7 the second case does not occur. Therefore, we do not need to consider
the irreducible components V ρ + P of V ′, and we have that

#Ctors ≤ m(22gc+4g−2c c2g + 22g − 1)g2.

1.3.3 Degrees of definition and Hilbert functions

In the case of treating varieties of dimension > 1, an iterative use of Bézout’s theorem
would give a bound which is doubly exponential in the degree of the variety, as was the
case in [1]. It is therefore helpful to introduce the equivalent notions of degree we used in
the toric case.

We briefly recall the definitions. By identifying every subvariety of A with its image
in Pn, we say that the degree of (complete) definition of V ⊂ A is the minimal degree
δ(V ) such that V is the intersection of a family of hypersurfaces in Pn of degree at
most δ(V ). On the other hand, the degree of incomplete definition of V is the minimal
degree δ0(V ) such that the irreducible components of V are also irreducible components
of the intersection of a family of hypersurfaces in Pn of degree at most δ0(V ).

Contrary to the toric case, the degree of complete (respectively incomplete) definition
does not necessarily behave as the usual degree with respect to translations in A. First
we present the following consequence to a result of Lange and Ruppert [51, Theorem].

Lemma 1.3.10. The translations in A can be defined locally in terms of homogeneous
polynomials in K[X1, . . . , Xn] of degree at most 2.

As a consequence, we deduce the following lemma.

Lemma 1.3.11. Let V be a subvariety of A.

(i) For any point P ∈ A, we have

δ(P + V ) ≤ 2 δ(V ) and δ0(P + V ) ≤ 2 δ0(V ).

(ii) Assume KV ⊂ K(Ators). For any finite subset T ⊂ Ators ×Gal(K/K) of cardinal-
ity #T = t, we have

δ0
( ⋃

(P,φ)∈T
P + V φ) ≤ 4 t δ0(V ).
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Proof. Assertion (i) is a direct consequence of Lemma 1.3.10.
To prove (ii), let n ∈ N>0 be such that KV ⊂ K(A[n]), and [n]P = 0 for every P

appearing as the first coordinate of a pair in T . We may then replace the T in the
statement by

{(P, φ|K(A[n])) | (P, φ) ∈ T} ⊂ A[n]×Gal(K(A[n])/K).

Also notice that, for each P1, P2 ∈ A[n] and each φ1, φ2 ∈ Gal(K(A[n])/K), we have

P2 + (P1 + V φ1)φ2 = P2 + φ−1
2 (P1) + V φ1 φ2 .

This relation defines a natural structure of semidirect product on A[n]oGal(K(A[n])/K),
given by

(P1, φ1) · (P2, φ2) = (P2 + φ−1
2 (P1), φ1φ2);

where the inverse of an element (P, φ) is (φ(−P ), φ−1).
By the definition of degree of incomplete definition, there exists a subvariety X ⊂ A

such that V is an irreducible component of X and δ0(V ) = δ(X). We denote by G the
group

G = 〈a · b−1 | a, b ∈ T 〉 ⊂ A[n]oGal(K(A[n])/K),

and by S the subset of G consisting of the pairs (P, φ) ∈ G such that P +V φ is imbedded
in X. Consider then the variety

X̃ = X ∩
( ⋂

(P,φ)∈S
φ(−P ) +Xφ−1)

.

By construction, V is an irreducible component of X̃, and from (i) we have δ(X̃) ≤
2δ(X) = 2δ0(V ). Moreover, the following claim holds.
Claim. There is no (P, φ) ∈ G for which P + V φ is imbedded in X̃.
Proof of the claim. Assume that P + V φ is properly included in X̃, for some (P, φ) ∈ G.
Since X̃ ⊂ X, P + V φ is also properly included in X, which means (P, φ) ∈ S. By
induction, this yields (Pk, φk) = (P, φ)k ∈ S for all k. Assume (Pk, φk) ∈ S, then
X̃ ⊂ φk(−Pk) + Xφ−k and so P + V φ is properly included in φk(−Pk) + Xφ−k , which
implies (Pk+1, φ

k+1) ∈ S. Hence, taking k = ord
(
(P, φ)

)
, we have (0, Id) ∈ S that

contradicts the fact that V is an irreducible component of X.
Let us consider the subvariety

Y =
⋃

(P,φ)∈T
P + X̃φ.

Then P + V φ ⊂ Y , for every (P, φ) ∈ T . Let us assume that there is a pair (P, φ) ∈ T
such that P + V φ is properly included in Y . This means that there is a (Q,ψ) ∈ T such
that P + V φ is properly included in Q+ X̃ψ. Thus

ψ(−Q) + (P + V φ)ψ−1 = ψ(−Q+ P ) + V φψ−1
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is properly included in X̃. This contradicts the claim, since

(P, φ) · (Q,ψ)−1 = (ψ(−Q+ P ), φ ψ−1) ∈ G.

So P + V φ is an irreducible component of Y , for every (P, φ) ∈ T . Moreover, notice that

δ(
t⋃
i=1

Wi) ≤
t∑
i=1

δ(Wi),

for every family of varieties W1, . . . ,Wt ⊂ Pn. Hence, by (i), we also have δ(Y ) ≤∑
δ(2tδ(X̃). Assertion (ii) follows then from the fact that δ(X̃) ≤ 2δ0(V ).

Next, let us recall that if the closure of V in Pn is defined by the homogeneous radical
ideal I in Q [x]; for ν ∈ N, H(V ; ν) = dim(Q[x]/I)ν denotes the Hilbert function. And
we also recall the upper and lower bounds on the Hilbert functions due to Chardin [23],
and Chardin and Philippon [24], respectively. Let X ⊆ Pn be an equidimensional variety
of dimension d. Then, for every ν ∈ N,

H(X; ν) ≤
(
ν + d

d

)
deg(X). (1.3.13)

Moreover, if ν > m = codimPn(X)(δ0(X)− 1),

H(X; ν) ≥
(
ν + d−m

d

)
deg(X). (1.3.14)

By means of these bounds for the Hilbert function, we obtain the following result:

Lemma 1.3.12. Let V be an irreducible proper subvariety of A of dimension d > 0,
such that KV ⊂ K(Ators) and V 6= Vtors. Let φ ∈ Gal(K/K), P ∈ Ators and k ≥ 2 be an
integer.

(i) If P + V φ 6= V , then there exists a hypersurface Z of Pn of degree at most
8(2d+ 1) codimPn(V )δ0(V ) such that P + V φ ⊂ Z and V ∩ Z ( V .

(ii) If V 6⊂ [k]−1(P + V φ), then there exists a hypersurface Z ′ of Pn of degree at most
8k2g(2d+ 1) codimPn(V )δ0(V ) such that [k]−1(P + V φ) ⊂ Z ′ and V ∩ Z ′ ( V .

Proof. We start by proving (i). Notice that P + V φ is an irreducible subvariety of A.
By (1.3.13), for any ν ∈ N,

H(P + V φ; ν) ≤
(
ν + d

d

)
deg(V ).
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Denote Ṽ = V ∪ (P + V φ). This is an equidimensional variety (of dimension d) of
degree 2 deg(V ). Using (1.3.14), for any ν > m,

H(Ṽ ; ν) ≥
(
ν + d−m

d

)
2 deg(V ),

where m = codimPn(Ṽ )(δ0(Ṽ ) − 1). Fix ν = m(2d + 1). We obtain the following
inequality:

H(P + V φ; ν)
H(Ṽ ; ν)

≤ 1
2

(
ν + d

d

)(
ν + d−m

d

)−1

≤ 1
2

(
1 + m

ν −m

)d
= 1

2

(
1 + 1

2d

)d
≤ 1

2e1/2 < 1.

Thereby, there is a hypersurface Z of Pn of degree ν such that P +V φ ⊂ Z and Ṽ ∩Z ( Ṽ .
In particular, V 6⊂ Z. Moreover, by Lemma 1.3.11(ii) we have δ0(Ṽ ) ≤ 8δ0(V ). Then, we
obtain the bound on the degree of Z:

deg(Z) ≤ 8(2d+ 1) codimPn(V )δ(V ),

concluding the proof of (i).
We now turn to prove assertion (ii). For simplicity, we denote W = [k]−1(P + V φ).

It is an equidimensional subvariety of A of dimension d. As a consequence to (1.3.11),
we have deg(W ) = k2 codimA(V ) deg(V ). By (1.3.13), for any ν ∈ N,

H(W ; v) ≤
(
ν + d

d

)
k2 codimA(V ) deg(V ).

Denote W̃ =
⋃
Q∈[k]−1 Stab(V )(Q+ V ). Let ϕ : A→ B be the isogeny that trivializes the

stabilizer as in (1.3.2), and r = codimA(Stab(V )) = dim(B). Since [k] ◦ ϕ = ϕ ◦ [k] we
have that W̃ is an equidimensional subvariety of A of dimension d and degree k2r deg(V ).
Using (1.3.14), for any ν > m,

H(W̃ ; ν) ≥
(
ν + d−m

d

)
k2r deg(V ),

where m = codimPn(W̃ )(δ0(W̃ ) − 1). Notice that from the fact that V 6= Vtors and
r > 0, since V 6= A, we have codimA(V ) < r. So k2 codimA(V )−2r ≤ k−2 < e−1. Fix
ν = m(2d+ 1). We obtain the following inequality:

H(W ; ν)
H(W̃ ; ν)

≤ k2 codimA(V )−2r
(
ν + d

d

)(
ν + d−m

d

)−1

≤ k2 codimA(V )−2re1/2 < 1.
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Thereby, there is a hypersurface Z ′0 of Pn of degree ν such that W ⊂ Z ′0 and W̃ ∩Z ′0 ( W̃ .
In particular, there is a Q0 ∈ [k]−1 Stab(V ) such that Z ′0 ∩ (Q0 + V ) ( Q0 + V . Notice
that Z ′0 ∩A is a hypersurface in A since it intersects properly Q0 + V ⊂ A.

Let X = −Q0 + (Z ′0 ∩ A), then V ∩ X 6= V . On the other hand, for every Q ∈
[k]−1 Stab(V ), we have Q+ [k]−1(P + V φ) = [k]−1(P + V φ). This implies W ⊂ X. By
Lemma 1.3.10, there is a hypersurface Z ′ of degree 2 deg(Z ′0) = 2ν such that X = Z ′ ∩A.
This hypersurface satisfies W ⊂ Z ′ and V ∩ Z ′ ( V . Moreover, by Lemma 1.3.11(ii) we
have δ0(W̃ ) ≤ 4k2rδ0(V ) ≤ 4k2gδ0(V ). Then, we obtain the bound on the degree of Z ′:

deg(Z ′) ≤ 8 k2g(2d+ 1) codimPn(V )δ0(V ),

which ends the proof of (ii).

1.3.4 Interpolation and proof of the theorem

We start by presenting the key element for the proof of the main theorem.

Proposition 1.3.13. Let V ⊂ A be an irreducible variety of dimension d > 0, such that
V 6= Vtors. Then there exists a hypersurface Z ⊂ Pn of degree at most

(22gc+4g+5 c2g + 22g+6)(2d+ 1)(n− d) δ0(V ), (1.3.15)

such that Vtors ⊂ V ∩ Z ( V .

Proof. First assume KV ⊂ K(Ators). Moreover, let us assume that β in (1.3.4) for ϕ(V )
attains its minimum at 0. We apply Lemma 1.3.12 to the distinct components in that
appear in the union defining V ′ in Proposition 1.3.8. Let us consider the notations
as in Proposition 1.3.8. For each P ∈ B[4c], we have that V 6⊂ [2]−1(V σ + ϕ−1(P )),
which gives a hypersurface Zσ,P of degree bounded as in Lemma 1.3.12(i) of the lemma.
Moreover, for each P ∈ B[2] we have that V 6= V ρ + ϕ−1(P ) and V 6= V + ϕ−1(P ),
which gives respectively a hypersurface Zρ,P and ZP as in Lemma 1.3.12(ii). Then, for
Z = (

⋃
P∈B[4c] Zσ,P ) ∪ (

⋃
P∈B[2] Zρ,P ) ∪ (

⋃
P∈B[2] ZP ), we have that V ∩ V ′ ⊂ V ∩ Z and

V 6⊂ Z. Moreover, the degree of Z is at most

∑
P∈B[4c]

8 · (2c)2g(2d+ 1)(n− d)δ0(V ) + 2
∑

P∈B[2]
8(2d+ 1)(n− d)δ0(V )

≤ (22gc+4g+3c2g + 22g+4)(2d+ 1)(n− d)δ0(V ). (1.3.16)

Notice that the inequality comes from the implicit use of dim(B) ≤ dim(A).
If β in (1.3.4) for ϕ(V ) does not attain its minimum at 0, let R ∈ B[M ] \ {0} be

such that β = β(R). Fix an element R′ ∈ ϕ−1(R). Then, since δ0(V +R′) ≤ 2δ0(V ) by
Lemma 1.3.11(ii), there exists a hypersurface of degree at most 2 times the expression
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in (1.3.16), such that (V +R′)tors ⊂ (V + R′) ∩ Z ′ ( V + R′. Then Z = Z ′ − R′ is a
hypersurface in Pn such that

Vtors = (V +R′)tors −R
′ ⊂ V ∩ Z ( V.

In addition, the degree of Z is 2 deg(Z ′) by Lemma 1.3.10, which is bounded above by
the expression in (1.3.15).

If KV 6⊂ K(Ators), as consequence to Proposition 1.3.4, for every non-trivial Galois
automorphism ς ∈ Gal(KV /(KV ∩K(Ators))), one has Vtors ⊂ V ∩V ς ( V . First, one uses
the fact that δ0(V ∪ V ς) ≤ 2δ0(V ) to prove Lemma 1.3.12(i) for V and V ς , with P = 0.
This concludes the proof, since 8(2d+ 1)(n− d)δ0(V ) is at most the value in (1.3.15).

The main theorem of this section states the following.

Theorem 1.3.14. Let V ⊂ A be a subvariety of dimension d > 0. For j = 0, . . . , d, let
V j

tors denote the j-equidimensional part of Vtors. Then, for every j = 0, . . . , d,

deg(V j
tors) ≤ cj δ(V )g−j .

where
cj = ((22gc+4g+5c2g + 22g+6)(2g − 1)(n− 1))(g−j)d deg(A).

Proof. For j = 0, . . . , d, let us denote by Xj the j-equidimensional part of V . We also fix

θ = ((22gc+4g+5c2g + 22g+6)(2g − 1)(n− 1))d δ(V ).

We first apply the result of Philippon [66, Corollaire 5] as follows. With the notation
used by Philippon in loc. cit., we take m = g, S = A, ϕ = ι : A ↪→ Pn, δ = θ, and
Z1, . . . , Zl the hypersurfaces in Pn of degree at most δ(V ) such that V = Z1∩· · ·∩Zl. (after
identifying V and A with their image in Pn). In particular, Z1∩· · ·∩Zl = A∩Z1∩· · ·∩Zl.
Then, from the result of Philippon applied to the cycle Sl = A · Z1 · · ·Zl, we deduce

d∑
j=0

θj deg(Xj) ≤ θn · deg(A). (1.3.17)

Then, following straightforwardly the double induction in the proofs of Theorems 1.2.17
and 1.2.18, with Proposition 1.3.13 at the place of Proposition 1.2.16; one obtains the
inequality

d∑
j=0

θj deg(V j
tors) ≤

d∑
j=0

θj deg(Xj). (1.3.18)

The upper bound in the theorem then follows from combining (1.3.17) and (1.3.18).

Remark. As a final remark we should precise that the upper bound given by Theo-
rem 1.3.14 is effective up to the constant c.



Chapter 2

An arithmetic
Bernštein-Kušnirenko theorem

In this chapter we present the results included in the joint work [59]. We study the
height(s) of zero-cycles defined by a system of Laurent polynomials, in terms of mixed
integrals of specific concave functions. In doing so we provide an arithmetic analogue of
Bernštein-Kušnirenkos upper bound on the number of solutions of a such system.

2.1 Introduction

The classical Bernštein-Kušnirenko theorem bounds the number of isolated zeros of a
system of Laurent polynomials over a field, in terms of the mixed volume of their Newton
polytopes. This result, initiated by Kušnirenko and put into final form by Bernštein,
is also known as the BKK theorem to acknowledge Khovanskĭı’s contributions to this
subject. It shows how a geometric problem (the counting of the number of solutions of a
system of equations) can be translated into a combinatorial, simpler one. It is commonly
used to predict when a given system of equations has a small number of solutions. As
such, it is a cornerstone of polynomial equation solving and has motivated a large amount
of work and results over the past 25 years, see for instance [36, 67, 83] and the references
therein.

Let K be a field, and fix an algebraic closure K. Let M ' Zn be a lattice, and set

K[M ] =
⊕
m∈M

K · χm ' K[x±1
1 , . . . , x±1

n ]

for its group K-algebra, and

TM = Spec(K[M ]) ' Gnm,K
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for its algebraic torus over K. For a family of Laurent polynomials f1, . . . , fn ∈ K[M ], we
denote by Z(f1, . . . , fn) the 0-cycle of TM given by the isolated solutions of the system
of equations

f1 = · · · = fn = 0

with their corresponding multiplicities (Definition 2.2.8).
Set MR = M ⊗ R ' Rn. Let volM be the Haar measure on MR normalized so

that M has covolume 1, and let MVM be the corresponding mixed volume function
(Definiton 2.2.7). For i = 1, . . . , n, let ∆i ⊂MR be the Newton polytope of fi. The BKK
theorem [4,47] amounts to the upper bound

deg(Z(f1, . . . , fn)) ≤ MVM (∆1, . . . ,∆n), (2.1.1)

which is an equality when the fi’s are generic with respect to their Newton polytopes,
see also Theorem 2.2.10.

When dealing with Laurent polynomials over a field with an arithmetic structure like
the field of rational numbers, it is also important to control the arithmetic complexity or
height of their zero set. In this chapter, we present an arithmetic version of the BKK
theorem, bounding the height of the isolated zeros of a system of Laurent polynomials
over such a field. It is a refinement of the arithmetic Bézout theorem that takes into
account the finer monomial structure of the system.

Suppose that K is endowed with a set of places M, so that the pair (K,M) is an
adelic field (Definition 2.3.1). Each place v ∈M corresponds to an absolute value | · |v
on K and a weight nv > 0. We assume that this set of places satisfies the product formula,
namely, for all α ∈ K×, ∑

v∈M
nv log |α|v = 0.

The classical examples of adelic fields satisfying the product formula are number fields
and finite extensions of function fields of curves. These are called global fields in [19],
and are more general than the usual notion of global fields, since neither the base field of
the function fields is required to be finite nor the extension is assumed separable.

Let X be toric compactification of TM and D0 a nef toric metrized divisor on X as in
Definition 2.3.25. This data gives a notion of height for 0-cycles of X (Definitions 2.3.10
and 2.3.14). Then, for a family of Laurent polynomials f1, . . . , fn ∈ K[M ], the height

hD0
(Z(f1, . . . , fn))

is a nonnegative real number. It is our aim to bound this quantity in terms of the
monomial expansion of the fi’s.

The first arithmetic analogue of the BKK theorem was proposed by Maillot [56,
Corollaire 8.2.3], who considered the case of canonical toric metrics. His result is
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not completely effective, as explained in [82, Remarque 4.2]. Another result in this
direction was obtained by Sombra for the unmixed case and also canonical toric metrics
[82, Théoreme 0.3]. In this chapter we improve these previous upper bounds, and
generalize them to adelic fields satisfying the product formula, and to height functions
associated to arbitrary nef toric metrized divisors.

Let ∆0 ⊂MR be the polytope defined by the toric Cartier divisor D0. Following [19],
we associate to D0 an adelic family of continuous concave functions ϑ0,v : ∆0 → R, v ∈M,
called the local roof functions of D0, see Proposition 2.3.28. For i = 1, . . . , n, write

fi =
∑
m∈M

αi,mχ
m

with αi,m ∈ K, and denote by ∆i their corresponding Newton polytope. Let NR =
M∨R ' Rn be the dual space and, for each place v ∈M, consider the concave function
ψi,v : NR → R defined by

ψi,v(u) =


− log

( ∑
m∈M

|αi,m|v e−〈m,u〉
)

if v is Archimedean,

− log
(

max
m∈M

|αi,m|v e−〈m,u〉
)

if v is non-Archimedean.
(2.1.2)

The Legendre-Fenchel dual

ϑi,v = ψ∨i,v = inf
u∈NR

〈x, u〉 − ψi,v(u)

is a continuous concave function on ∆i. Furthermore, we denote by MIM the mixed
integral of a family of n+ 1 concave functions on convex bodies of MR (Definition 2.3.30).

Then, the main result of this chapter (Theorem 2.4.5) gives the following upper bound

hD0
(Z(f1, . . . , fn)) ≤

∑
v∈M

nv MI(ϑ0,v, . . . , ϑn,v). (2.1.3)

It’s proof relies on the construction of nef toric metrized divisors Di on a suitable toric
variety, such that each fi corresponds to a small section of Di. Indeed, they correspond
to the concave functions in (2.1.2), see Proposition 2.4.2 and Lemma 2.4.4. Then, one
proceeds by applying the constructions and results of [17, 19] and basic results from
arithmetic intersection theory.

However, trying to keep a certain level of generality, we faced difficulties to define
and study global heights of cycles over adelic fields. This lead us to a more detailed
study of these notions. In particular, we detail a notion of adelic field extension that
preserves the product formula (Definition 2.3.5), and a well-defined notion of global
height for cycles with respect to metrized divisors that are generated by small sections
(Proposition-Definition 2.3.22).
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Using the basic properties of the mixed integral, we can bound the right-hand side of
(2.1.3) in terms of mixed volumes. From this, we can derive the bound in Corollary 2.4.8:

hD0
(Z(f1, . . . , fn)) ≤ MVM (∆1, . . . ,∆n)

( ∑
v∈M

max ϑ0,v
)

+
n∑
i=1

MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n)`(fi), (2.1.4)

where `(fi) denotes the (logarithmic) length of fi, see Definition 2.4.6. This bound should
be compared with the one given by the arithmetic Bézout theorem (Corollary 2.4.9),
which follows as a direct consequence to these results. Inequality (2.1.4) gives a far more
treatable bound than the one appearing in (2.1.3); however, there are cases in which the
bounding of the mixed integrals by the length and mixed volume may proof inefficient,
see Example 2.4.12.

The following illustrates a typical application of these results. It concerns two height
functions applied to the same 0-cycle. Our upper bounds are close to optimal for both
of them and, in particular, they reflect their very different behaviour on this family of
Laurent polynomials. We refer to Example 2.4.11 for details.

Example 2.1.1. Take integers d, α ≥ 1 and consider the system of Laurent polynomials

f1 = x1 − α, f2 = x2 − αxd1, . . . , fn = xn − αxdn−1 ∈ Q[x±1
1 , . . . , x±1

n ].

The 0-cycle Y := Z(f1, . . . , fn) of Gnm,Q is the single point (α, αd+1, . . . , αd
n−1+···+d+1)

with multiplicity 1.
Let PnQ be the n-dimensional projective space over Q and E

can the divisor of the
hyperplane at infinity, equipped with the canonical metric. Its associated height function
is the Weil height. We consider two toric compactifications X1 and X2 of Gnm. These are
given by compactifying the torus via the equivariant embeddings ιi : Gnm ↪→ PnQ, i = 1, 2,
respectively defined, for p = (p1, . . . , pn) ∈ Gnm(Q) = (Q×)n, by

ι1(p) = (1 : p1 : · · · : pn) and ι2(p) = (1 : p1 : p2p
−d
1 : · · · : pnp−dn−1).

Set Di = ι∗i E
can, which is a nef toric metrized divisor on Xi, i = 1, 2. By an explicit

computation, we show that

hD1
(Y ) =

( n∑
i=1

di−1
)

log(α) and hD2
(Y ) = log(α).

On the other hand, the upper bounds given by (2.1.3) are

hD1
(Y ) ≤

( n∑
i=1

di−1
)

log(α+ 1) and hD2
(Y ) ≤ n log(α+ 1).
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As further application of (2.1.3), we give an upper bound for the size of the coefficients
of the u-resultant of the direct image under a monomial map of the solution set of a
system of Laurent polynomial equations. The following version of this result is contained
in the statement of Theorem 2.4.14.

For the simplicity of the exposition, set K = Q and M = Zn. Let r ≥ 0, m0 =
(m0,0, . . . ,m0,r) ∈ (Zn)r+1 and α0 = (α0,0, . . . , α0,r) ∈ (Z \ {0})r+1, and consider the
map ϕm0,α0 : Gnm,Q → PrQ defined by

ϕm0,α0(p) = (α0,0χ
m0,0(p) : · · · : α0,rχ

m0,r (p)). (2.1.5)

For a 0-cycle W of PrQ, let u = (u0, . . . , ur) be a group of r + 1 variables and denote
by Res(W ) ∈ Z[u0, . . . , ur] its primitive u-resultant, see Definition 2.4.13, which is
well-defined up a sign.

Theorem 2.1.2. Let f1, . . . , fn ∈ Z[x±1
1 , . . . , x±1

n ], m0 ∈ (Zn)r+1 and α0 ∈ (Z \ {0})r+1

with r ≥ 0. Set ∆0 = conv(m0,0, . . . ,m0,r) ⊂ Rn and let ϕ be the monomial map
associated to m0 and α0 as in (2.1.5). For i = 1, . . . , n, let ∆i ⊂ Rn be the Newton
polytope of fi, and αi the vector of nonzero coefficients of fi. Then

`(Res(ϕ∗Z(f1, . . . , fn))) ≤
n∑
i=0

MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n) `(αi),

where `(·) represents the logarithmic length.

2.2 The classical Bernštein-Kusnirenko theorem

In this section, we recall the proof of the Bernštein-Kušnirenko theorem using intersection
theory on toric varieties, which is the model that we follow in our treatment of the
arithmetic version of this result. Presenting this proof also allows us to introduce the
basic definitions and results on the intersection of Cartier divisors with cycles, and on
the algebraic geometry of toric varieties. For more details on these subjects, we refer
to [33,53] and to [34].

2.2.1 Intersection theory

Let K be an infinite field and X a variety over K of dimension n. For 0 ≤ k ≤ n, the
group of k-cycles, denoted by Zk(X), is the free abelian group on the k-dimensional
irreducible subvarieties of X. Thus, a k-cycle is a finite formal sum

Y =
∑
V

mV V

where the V ’s are k-dimensional irreducible subvarieties of X and the mV ’s are integers.
The support of Y , denoted by |Y |, is the union of the subvarieties V such that mV 6= 0.
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The cycle Y is effective if mV ≥ 0 for every V . Given Y, Y ′ ∈ Zk(X), we write Y ′ ≤ Y
whenever Y − Y ′ is effective.

Let Z be a subscheme of X of pure dimension k. For an irreducible component V
of Z, we denote by OV,Z the local ring of Z along V , and by lOV,Z

(OV,Z) its length as an
OV,Z-module. The k-cycle associated to Z is then defined as

[Z] =
∑

lOV,Z
(OV,Z)V ,

the sum being over the irreducible components of Z.
Let V be an irreducible subvariety of X of codimension one and f a regular function

on an open subset U of X such that U ∩ V 6= ∅. The order of vanishing of f along V is
defined as

ordV (f) = lOV,X(U)(OV,X(U)/(f)).

For a Cartier divisor D on X, the order of vanishing of D along V is defined as

ordV (D) = ordV (g)− ordV (h)

with g, h ∈ OV,X(U) such that g/h is a local equation of D on an open subset U of X
with U ∩ V 6= ∅. This definition does not depend on the choice of U , g and h. Moreover,
ordV (D) = 0 for all but a finite number of V ’s. The Weil divisor associated to D is then
defined as

D ·X =
∑
V

ordV (D)V , (2.2.1)

the sum being over all irreducible subvarieties of X of codimension one. The support
of D, denoted by |D|, is the support of D ·X.

Now let W be an irreducible subvariety of X of dimension k. If W 6⊂ |D|, then D
restricts to a Cartier divisor on W . In this case, we define D ·W as the Weil divisor of W
obtained by restricting (2.2.1) to W . This gives a (k − 1)-cycle of X. If W ⊂ |D|, then
we set D ·W = 0, the zero element of Zk−1(X). We extend by linearity this intersection
product to a morphism

Zk(X) −→ Zk−1(X), Y 7−→ D · Y,

with the convention that Z−1(X) = 0, the zero group.
For 0 ≤ r ≤ n and Cartier divisors Di on X, i = 1, . . . , r, we define inductively the

intersection product
∏r
i=1Di ∈ Zn−r(X) by

t∏
i=1

Di =

X if t = 0,
D1 ·

∏t
i=2Di if 1 ≤ t ≤ r.

Definition 2.2.1. Let Y be a k-cycle of X and D1, . . . , Dr Cartier divisors on X,
with r ≤ k. We say thatD1, . . . , Dr intersect Y properly if, for every subset I ⊂ {1, . . . , r},

dim
(
|Y | ∩

⋂
i∈I
|Di|

)
= k −#I.
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If D1, . . . , Dr intersect X properly, then the cycle
∏r
i=1Di does not depend on the

order of the Di’s. We refer to [33, Corollary 2.4.2] for a proof of this statement in the
case of pseudo-divisors, which is a generalization of Cartier divisors. This conclusion
does not necessarily hold if these divisors do not intersect properly.

Example 2.2.2. Let X = A2
K and consider the principal Cartier divisors D1 = div(x1x2)

and D2 = div(x1) given by taking all local equations equal to x1x2 and x1, respectively.
Then

D1 ·D2 = 0 and D2 ·D1 = (0, 0).

Proposition 2.2.3. Let X be an equidimensional Cohen-Macaulay variety over K of
dimension n, and D1, . . . , Dn Cartier divisors on X. Let si be a global section of O(Di),
i = 1, . . . , n, and write

n∏
i=1

div(si) =
∑
p

mp p ∈ Z0(X), (2.2.2)

where the sum is over the closed points p of X and mp ∈ Z. This 0-cycle is effective and,
for each isolated closed point p of the intersection

⋂n
i=1 | div(si)|,

mp = dimK(Op,X(U)/(f1, . . . , fn)),

where U is a trivializing neighborhood of p, and fi is a defining function for si on U ,
i = 1, . . . , n.

Proof. The fact that the cycle in (2.2.2) is effective follows from the hypothesis that
the si’s are global sections.

For the second statement, by possibly replacing U with a smaller open neighbor-
hood of p, we can assume that div(s1), . . . ,div(sn) intersect X properly on U . So, by
Definition 2.2.1, this intersection on U is of dimension 0. By [33, Proposition 7.1 and
Example 7.1.10],

mp = lOp,X(U)(Op,X(U)/(f1, . . . , fn)).

By [33, Lemma A.1.3 and Example A.1.1], we have the equality

lOp,X(U)(Op,X(U)/(f1, . . . , fn)) = dimK(Op,X(U)/(f1, . . . , fn)),

completing the proof.

For the rest of this section, we assume that the variety X is projective. With this
hypothesis, Chow’s moving lemma allows to construct, given a cycle and a family of
Cartier divisors, another family of linearly equivalent Cartier divisors intersecting the
given cycle properly, in the sense of Definition 2.2.1.



68 Chapter 2. An arithmetic Bernštein-Kušnirenko theorem

Definition 2.2.4. Let Y be a k-cycle of X and D1, . . . , Dk Cartier divisors on X. The
degree of Y with respect to D1, . . . , Dk, denoted by degD1,...,Dk

(Y ), is inductively defined
by the rules:

1. if k = 0, write Y =
∑
pmp p, and set deg(Y ) =

∑
pmp [K(p) : K];

2. if k ≥ 1, choose a rational section sk of O(Dk) such that div(sk) intersects Y
properly, and set degD1,...,Dk

(Y ) = degD1,...,Dk−1(div(sk) · Y ).

The degree of a cycle with respect to a family of Cartier divisors does not depend on
the choice of the rational section sk in 2, see for instance [33, § 2.5] or [53, § 1.1.C].

A Cartier divisor D on X is nef if degD(C) ≥ 0 for every irreducible curve C of X.
By Kleiman’s theorem [53, §1.4.B], for a family of nef Cartier divisors D1, . . . , Dk on X
and an effective k-cycle Y of X,

degD1,...,Dk
(Y ) ≥ 0. (2.2.3)

Proposition 2.2.5. Let Y be an effective k-cycle of X and D1, . . . , Dk nef Cartier
divisors on X. Let sk be a global section of O(Dk). Then

0 ≤ degD1,...,Dk−1(div(sk) · Y ) ≤ degD1,...,Dk
(Y ).

Proof. Since Y is effective and sk is a global section, div(sk) · Y is also effective. Since
D1, . . . , Dk−1 are nef, by (2.2.3) we have that degD1,...,Dk−1(div(sk) · Y ) ≥ 0, proving the
lower bound.

For the upper bound, we reduce without loss of generality to the case when Y = V is
an irreducible subvariety of dimension k. If V ⊂ |div(sk)|, then div(sk)·Y = 0 ∈ Zk−1(X).
Hence deg(div(sk) ·Y ) = 0 and the bound follows from the nefness of the Di’s. Otherwise,
from the definition of the degree,

degD1,...,Dk−1(div(sk) · V ) = degD1,...,Dk
(V ),

which completes the proof.

Corollary 2.2.6. Let D1, . . . , Dn be nef Cartier divisors on X and, for i = 1, . . . , n, let
si be a global section of O(Di). Then

0 ≤ deg
( n∏
i=1

div(si)
)
≤ degD1,...,Dn

(X).
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2.2.2 Toric varieties

Let M ' Zn be a lattice, and set

K[M ] ' K[x±1
1 , . . . , x±1

n ] and T = Spec(K[M ]) ' Gnm,K (2.2.4)

for its group K-algebra and algebraic torus over K, respectively. The elements of M
correspond to the characters of T and, given m ∈M , we denote by χm ∈ Hom(T,Gm,K)
the corresponding character. Set also MR = M ⊗ R

Let N = M∨ ' Zn be the dual lattice and set NR = N ⊗ R. Given a complete fan Σ
in NR, we denote by XΣ the associated toric variety with torus T. It is a proper normal
variety over K containing T as a dense open subset and such that the action of T on
itself extends to XΣ. When the fan Σ is regular, in the sense that it is induced by a
piecewise linear concave function on NR, the toric variety XΣ is projective.

Let X = XΣ be a toric variety, and D be a toric Cartier divisor on X, that is a
T-invariant Cartier divisor. We denote by ΨD its associated virtual support function on Σ.
This is a piecewise linear function ΨD : NR → R satisfying that, for each cone σ ∈ Σ,
there exists m ∈M such that, for all u ∈ σ,

ΨD(u) = 〈m,u〉.

The condition that ΨD is concave is both equivalent to the conditions that D is nef and
that the line bundle O(D) is globally generated. This line bundle O(D) is a subsheaf
of the sheaf of rational functions of X. For each m ∈M , the character χm is a rational
function of X, and so it induces a rational section of O(D) that is regular and nowhere
vanishing on T. The rational section corresponding to the point m = 0 is called the
distinguished rational section of O(D) and denoted by sD.

The toric Cartier divisor D also determines the lattice polytope of MR given by

∆D = {x ∈MR | 〈x, u〉 ≥ ΨD(u) for every u ∈ NR}.

A rational section corresponding to a point m ∈M is global if and only if m ∈ ∆D. The
global sections corresponding to the lattice points of ∆D form a K-basis for the space of
global sections of O(D). Identifying each character χm with the corresponding rational
section ςm of O(D), we have the decomposition

Γ(X,O(D)) =
⊕

m∈∆D∩M
K · ςm. (2.2.5)

Now let ∆1, . . . ,∆r be lattice polytopes in MR. For each ∆i, we consider its support
function, which is the piecewise linear concave function with lattice slopes Ψ∆i

: NR → R
given by

Ψ∆i
(u) = min

x∈∆i

〈x, u〉. (2.2.6)
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Let Σ be a regular complete fan in NR compatible with the collection ∆1, . . . ,∆r, in
the sense that the Ψ∆i

’s are virtual support functions on Σ. Such a fan can be constructed
by taking any regular complete fan in NR refining the complex of cones that are normal
to the faces of ∆i, for all i. Let X be the toric variety corresponding to this fan and
Di the toric Cartier divisor on X corresponding to these virtual support functions. By
construction, Ψ∆i

is concave. Hence Di is nef and O(Di) is globally generated, and its
associated polytope coincides with ∆i.

Definition 2.2.7. The mixed volume of ∆1, . . . ,∆n is defined as the alternating sum

MVM (∆1, . . . ,∆n) =
n∑
j=1

(−1)n−j
∑

1≤i1<···<ij≤n
volM (∆i1 + · · ·+ ∆ij ),

where volM be the Haar measure on MR such that M has covolume 1, and take r = n.

A fundamental result in toric geometry states that the degree of a toric variety with
respect to a family of nef toric Cartier divisors is given by the mixed volume of its
polytopes [34, § 5.4]. In our present setting, this amounts to the formula

degD1,...,Dn
(X) = MVM (∆1, . . . ,∆n). (2.2.7)

2.2.3 The Bernštein-Kušnirenko theorem

We first associate a 0-cycle of the torus to a family of Laurent polynomials on M .

Definition 2.2.8. Let f1, . . . , fn ∈ K[M ], and denote by V (f1, . . . , fn)0 the set of
isolated closed points in the variety defined by this family of Laurent polynomials. For
each p ∈ V (f1, . . . , fn)0, let mp be the maximal ideal of K[M ] corresponding to p and set

µp = dimK(K[M ]mp/(f1, . . . , fn)).

The 0-cycle associated to f1, . . . , fn is defined as

Z(f1, . . . , fn) =
∑

p∈V (f1,...,fn)0

µp p ∈ Z0(T).

Let f =
∑
m∈M αmχ

m ∈ K[M ] be a Laurent polynomial. Its support is defined as the
finite subset of M of the exponents of its nonzero terms, that is supp(f) = {m | αm 6= 0}.
The Newton polytope of f is the lattice polytope in MR given by the convex hull of its
support, that is N (f) = conv(supp(f)).

The following proposition gives us the relation between the 0-cycle in Definition 2.2.8
and the one arising from intersection theory.
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Proposition 2.2.9. Let f1, . . . , fn ∈ K[M ]. Let Σ be a regular complete fan in NR
compatible with the Newton polytopes of the fi’s. For i = 1, . . . , n, let Di be the Cartier
divisor on XΣ associated to N (fi), and si the global section of O(Di) corresponding to fi
as in (2.2.5). Write

n∏
i=1

div(si) =
∑
p

νp p,

where the sum is over all closed points p of XΣ and νp ∈ Z. Then

1. for every p ∈ V (f1, . . . , fn)0, we have νp = dimK(K[M ]mp/(f1, . . . , fn));

2. the inequality Z(f1, . . . , fn) ≤
∏n
i=1 div(si) holds.

Proof. We have that
⋂n
i=1 | div(si)| = V (f1, . . . , fn). Since T is Cohen-Macaulay, Proposi-

tion 2.2.3 gives the first statement. Since the sections si are global, the 0-cycle
∏n
i=1 div(si)

is effective. Hence, the second statement follows directly from the first one.

We conclude this section by proving the version of the Bernštein-Kušnirenko theorem
as presented in (2.1.1).

Theorem 2.2.10. Let f1, . . . , fn ∈ K[M ] be a family of Laurent polynomials, and let ∆i

denote the newton polytope of fi, for every i = 1, . . . , n. Then

deg(Z(f1, . . . , fn)) ≤ MVM (∆1, . . . ,∆n).

Proof. This follows from Proposition 2.2.9(2), Corollary 2.2.6 and the formula (2.2.7).

Remark. It should be noted that, for a fixed family of convex polytopes ∆1, . . . ,∆n ⊂MR
with integer vertices, and for generic Laurent polynomials supported on these ∆i’s,
Bernštein-Kušnirenko’s theorem gives in fact an equality.

2.3 Arithmetic of toric varieties

In this section we consider adelic fields following [19], and give a detailed construction of
adelic field extension that preserves the product formula. In this sense it is an extension
of the one in loc. cit., which was only meant to preserve the product formula when dealing
with extensions of number fields and function fields of curves. We then introduce a notion
of global height for cycles of a variety over a such field, giving an explicit description of
this construction in the 0-dimensional case. Finally, we recall the necessary background
on the arithmetic geometry of toric varieties. We refer to [17,19] for more details.
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2.3.1 Adelic fields and finite extensions

We first introduce the notion of arithmetic field on which we give our results.

Definition 2.3.1. Let K be an infinite field and M a set of places. Each place v ∈M is
a pair consisting of an absolute value | · |v and a positive real weight nv. We say that
(K,M) is an adelic field if

1. for each v ∈M, the absolute value | · |v is either Archimedean or associated to a
nontrivial discrete valuation;

2. for each α ∈ K×, we have that |α|v = 1 for all but a finite number of v ∈M.

Moreover, we say that an adelic field (K,M) satisfies the product formula if∏
v∈M
|α|nv

v = 1,

for every α ∈ K×.

Example 2.3.2. Let MQ be the set of places of Q consisting of the Archimedean and
p-adic absolute values of Q, normalized in the standard way, and with all the weights
equal to 1. The adelic field (Q,MQ) satisfies the product formula.

Example 2.3.3. Let K(C) denote the function field of a regular projective curve C over
a field κ. To each closed point v ∈ C we associate the absolute value and weight given,
for a non-zero element f ∈ K(C), by

|f |v = c− ordv(f)
κ and nv = [K(v) : κ], (2.3.1)

where ordv(f) denotes the order of vanishing of f at v and

cκ =
{

e if #κ =∞,
#κ if #κ <∞.

(2.3.2)

The set of places MK(C) is indexed by the closed points of C, and consists of these
absolute values and weights. The pair (K(C),MK(C)) is an adelic field which satisfies
the product formula.

Let (K,M) be an adelic field. For each place v ∈M, we denote by Kv the completion
of K with respect to the absolute value | · |v. By a theorem of Ostrowski, if v is
Archimedean, then Kv is isomorphic to either R or C [21, Chapter 3, Theorem 1.1]. In
particular, an adelic field has only a finite number of Archimedean places.
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Lemma 2.3.4. Let F be a finite extension of K and v ∈M. Then

F⊗K Kv '
⊕
w

Ew, (2.3.3)

where the sum is over the absolute values | · |w on F whose restriction to Kv coincides
with | · |v, and where the Ew’s are local Artinian Kv-algebras with maximal ideal pw. For
each w, we have Ew/pw ' Fw.

Proof. Since K ↪→ F is a finite extension, the tensor product F ⊗ Kv is an Artinian
Kv-algebra. By the structure theorem for Artinian algebras,

F⊗K Kv '
⊕
i∈I

Ei,

where I is a finite set and the Ei’s are local Artinian Kv-algebras. Let pi be the
maximal ideal of Ei, for each i. These are the only prime ideals of F ⊗ Kv, and so
rad(F⊗Kv) =

⋂
i∈I pi.

Each w in the decomposition (2.3.3) corresponds to an absolute value | · |w on F
extending | · |v, and there is a natural inclusion F ↪→ Fw. The diagonal morphism
F→

⊕
w Fw extends to a map of Kv-vector spaces

F⊗K Kv −→
⊕
w

Fw.

By [13, Chapitre VI, §8.2 Proposition 11(b)], this morphism is surjective and its kernel is
the radical ideal of F⊗Kv. Therefore⊕

i∈I
Ei/pi =

(⊕
i∈I

Ei

)/
rad(F⊗Kv) '

⊕
w

Fw. (2.3.4)

The summands in both extremes of (2.3.4) are fields over Kv, and so Artinian local Kv-
algebras. By the uniqueness of the decomposition in the structure theorem for Artinian
algebras, there is a bijection between the elements in I and the w’s, identifying each
i ∈ I with the unique w such that Ei/pi ' Fw.

The following definition for adelic field extension is equivalent to the one proposed by
Gubler for M -fields, see [39, Remark 2.5].

Definition 2.3.5. Let (K,M) be an adelic field and F a finite extension of K. For every
place v ∈M, we denote by Nv the set of absolute values | · |w on F that extend | · |v with
weight given by

nw = dimKv (Ew)
[F : K] nv,

where the Ew’s are the Artinian Kv-algebras in the decomposition of F ⊗K Kv from
Lemma 2.3.4. Set N =

⊔
v∈MNv. The pair (F,N) is an adelic field. The adelic fields of

this form are called adelic field extensions of (K,M).
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Remark. With notation as in Lemma 2.3.4,

dimKv (Ew) = lEw(Ew)[Fw : Kv],

where lEw(Ew) is the length of Ew as a module over itself. This follows from [33,
Lemma A.1.3] applied to the morphism Kv → Ew. Hence, the weights in Definition 2.3.5
can be alternatively written as

nw = lEw(Ew) [Fw : Kv]
[F : K] nv.

Proposition 2.3.6. Let (K,M) be an adelic field and (F,N) an adelic field extension
of (K,M). Then

1. the equality
∑
w∈Nv

nw = nv holds for every place v ∈M;

2. if (K,M) satisfies the product formula, then (F,N) also does.

Proof. From the definition of adelic field extension and Lemma 2.3.4,∑
w∈Nv

nw =
∑
w∈Nv

dimKv (Ew)
[F : K] nv = dimKv (F⊗Kv)

[F : K] nv = nv,

which proves statement (1). To prove the second statement, let α ∈ F× and consider the
multiplication map ηα : F→ F given by ηα(x) = αx. The norm NF/K(α) ∈ K× is defined
as the determinant of this K-linear map. Moreover, ηα extends to the Kv-linear map

ηα ⊗ 1Kv : F⊗Kv −→ F⊗Kv,

which has the same determinant. Using the decomposition in (2.3.3), write α⊗ 1Kv =
(αw)w with αw ∈ Ew. Hence ηα ⊗ 1Kv =

⊕
w ηαw and

NF/K(α) = det(ηα ⊗ 1Kv ) =
∏
w∈Nv

NEw/Kv
(αw).

By [14, Chapitre III, §9.2, Proposition 1], NEw/Kv
(αw) = NFw/Kv

(αw)lEw (Ew). Moreover,
by [50, VI Proposition 5.6],

NFw/Kv
(αw) =

∏
σ

σ(αw)[Fw:Kv ]i ,

where the product is over the different embeddings σ of Fw in an algebraic closure of Kv,
and [Fw : Kv]i denotes the inseparability degree of the extension Kv ↪→ Fw. Furthermore,
the number of such embeddings is equal to the separability degree [Fw : Kv]s. For every
embedding σ, we have |σ(αw)|v = |α|w because the base field Kv is complete. Since
[Fw : Kv]i[Fw : Kv]s = [Fw : Kv], we get

|NF/K(α)|nv
v =

∏
w∈Nv

|σ(αw)|lEw (Ew)[Fw:Kv ]nv
v =

∏
w∈Nv

|α|[F:K]nw
w .
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Since NF/K(α) ∈ K×, if (K,M) satisfies the product formula, then

∏
w∈N
|α|nw

w =
( ∏
v∈M
|NF/K(α)|nv

v

) 1
[F:K]

= 1,

concluding the proof.

Example 2.3.7. Let F be a number field. This is a separable extension of Q. By
[13, Chapitre VI, §8.5, Corollaire 3], we have that F⊗Qv '

⊕
w∈Nv

Fw for all v ∈MQ.
Therefore, the weight associated to each place w ∈ Nv is

nw = [Fw : Qv]
[F : Q] .

Example 2.3.8. Let (K(C),MK(C)) be the function field of a regular projective curve C
over a field κ with the structure of adelic field as in Example 2.3.3. The places of K(C)
correspond to the closed points of C with absolute values and weights given by (2.3.1).
Let F be a finite extension of K(C) and N the set of places of F as in Definition 2.3.5.
There is a regular projective curve B over κ and a finite map π : B → C such that the
extension K(C) ↪→ F identifies with the morphism π∗ : K(C) ↪→ K(B). For each place
v ∈MK(C), the absolute values of F that extend | · |v are in bijection with the fiber π−1(v).

For a closed point v ∈ C, the integral closure in K(B) of Ov,C coincides with Oπ−1(v),B ,
the local ring of B along the fibre π−1(v). The ring Oπ−1(v),B is of finite type over Ov,C .
With notation as in Lemma 2.3.4, by [13, Chapter VI, §8.5, Corollaire 3], we have
Ew ' Fw for all w ∈ Nv. Hence, the weight of w is given by

nw = [Fw : K(C)v]
[F : K(C)] [K(v) : κ].

Let e(w/v) denote the ramification index of w over v. By [13, Chapter VI, §8.5,
Corollaire 2], we have that [Fw : K(C)v] = e(w/v) [K(w) : K(v)]. Therefore, for each
place w ∈ Nv, the weight of w can also be expressed as

nw = e(w/v) [K(w) : κ]
[F : K(C)] .

Following [19], a global field is a finite extension of the field of rational numbers or of
the function field of a regular projective curve, with the structure of adelic field described
in Examples 2.3.7 and 2.3.8. The discussions in these examples shows that this structure
of adelic field extension coincides with the one given by Definition 2.3.5. In the case of
function fields, it should be noted that the adelic structure depends on the extension.

Function fields of varieties of higher dimension provide examples of adelic fields
satisfying the product formula, that are not global fields.
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Example 2.3.9. Let K(S) be the function field of an irreducible normal variety S over
a field κ of dimension s ≥ 1, and E1, . . . , Es−1 nef Cartier divisors on S. Set S(1) for the
set of irreducible hypersurfaces of S. For each V ∈ S(1), the local ring OV,S is a discrete
valuation ring. We associate to V the absolute value and weight given, for f ∈ K(S), by

|f |V = c− ordV (f)
κ nv = degE1,...,Es−1(V ),

with cκ as in (2.3.2). The set of places MK(S) is indexed by S(1), and consists of these
absolute values and weights. For f ∈ K(S)×,∑
V ∈S(1)

nV log |f |v = log(ck)
∑

V ∈S(1)

degE1,...,Es−1(V ) ordV (f) = degE1,...,Es−1(div(f)) = 0,

because the Cartier divisor div(f) is principal. Hence (K(S),MK(S)) satisfies the product
formula.

2.3.2 Height of cycles

Let (K,M) be an adelic field satisfying the product formula, and X a normal projective
variety over K. For each place v ∈M, we denote by Xan

v the v-adic analytification of X.
In the Archimedean case, if Kv ' C, then Xan

v is an analytic space over C whereas, if
Kv ' R, then Xan

v is an analytic space over R, that is, an analytic space over C together
with an antilinear involution, as explained in [19, Remark 1.1.5]. In the non-Archimedean
case, Xan

v is a Berkovich space over Kv as in [19, § 1.2].
Fix v ∈M and set

Xv = X × Spec(Kv).

Given a 0-cycle Y of Xv, a usual construction in Arakelov geometry associates a signed
measure on Xan

v , denoted by δY , that is supported on |Y |an and has total mass equal to
deg(Y ), see for instance [19, Definition 1.3.15] for the non-Archimedean case. In what
follows, we explicit this construction.

Let q be a closed point of Xv. The function field K(q) is a finite extension of Kv and
deg(q) = [K(q) : Kv]. If v is Archimedean, then deg(q) is either equal to 1 or 2. In the
first case, the analytification of q is a point of Xan

v whereas, in the second case, it is a
pair of conjugate points. If v is non-Archimedean, choose an affine open neighborhood
U = Spec(A) of q and A → Kv the corresponding morphism of Kv-algebras. The
analytification of q is the point qan ∈ Uan ⊂ Xan

v corresponding to the multiplicative
seminorm given by the composition

A −→ K(q) | · |−−→ R≥0,

where | · | is the unique extension to K(q) of the absolute value | · |v.
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Since the measure δq is supported on the point qan and has total mass deg(q), it
follows that

δq = [K(q) : Kv] δqan , (2.3.5)

where δqan denotes the Dirac delta measure on qan. For an arbitrary 0-cycle Y of Xv, the
signed measure δY is obtained from (2.3.5) by linearity. It is discrete signed measure of
total mass equal to deg(Y ).

Let D be a Cartier divisor on X. A metric on the analytic line bundle O(D)an
v is an

assignment that, to each open subset U ⊂ Xan
v and local section s on U , associates a

continuous function
‖s(·)‖v : U −→ R≥0

that is compatible with restrictions to open subsets, vanishes only when the local
section does, and respects multiplication of local sections by analytic functions, see
[19, Definitions 1.1.1 and 1.3.1]. This notion allows to define local heights of 0-cycles.

Definition 2.3.10. Let D be a Cartier divisor on X, and ‖ · ‖v a metric on O(D)an
v . For

a 0-cycle Y of Xv and a rational section s of O(D) that is regular and non-vanishing on
the support of Y , the local height of Y with respect to the pair (‖ · ‖v, s) is defined as

h‖·‖v
(Y ; s) = −

∫
Xan

v

log ||s||v δY .

We now study the behavior of these objects with respect to adelic field extensions.
Let (F,N) be an extension of the adelic field (K,M) as in Definition 2.3.5, and fix a place
w ∈ Nv, so that Fw is a finite extension of the local field Kv. Let q be a closed point
of Xv and consider the subscheme qw of Xw = X × Spec(Fw) obtained by base change.
Decompose

K(q)⊗Kv Fw =
⊕
j∈I

Gj

as a finite sum of local Artinian Fw-algebras and, for each j ∈ I, denote by qj the
corresponding closed point of Xw. Then

[qw] =
∑
j∈I

lGj (Gj) qj and δ[qw] =
∑
j∈I

dimFw(Gj) δqan
j

denote respectively the 0-cycle of Xw associated to qw, and the Dirac measure supported
on it.

The inclusion Kv ↪→ Fw induces a map of the corresponding analytic spaces

π : Xan
w −→ Xan

v . (2.3.6)

In the non-Archimedean case, this map of Berkovich spaces is defined locally by restricting
seminorms.

The following proposition gives the behavior of the measure associated to a 0-cycle
with respect to field extensions.
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Proposition 2.3.11. With notation as above, let Y be a 0-cycle of Xv and set Yw for
the 0-cycle of Xw obtained by base extension. Then

π∗ δYw = δY .

Proof. By the compatibility of the map π with restriction to subschemes, it follows that
π(qan

j ) = qan for all j ∈ I. It follows that

π∗ δ[qw] =
∑
j∈I

dimFw(Gj)π∗ δqan
j

=
(∑
j∈I

dimFw(Gj)
)
δqan = [K(q) : Kv] δqan = δq.

Let D be a Cartier divisor on X and ‖ · ‖v a metric on O(D)an
v . The extension of

this metric to a metric ‖ · ‖w on the analytic line bundle O(D)an
w on Xan

w is obtained by
taking the inverse image with respect to the map π in (2.3.6), that is

‖ · ‖w = π∗ ‖ · ‖v. (2.3.7)

Proposition 2.3.11 implies directly the invariance of the local height with respect to adelic
field extensions.

Proposition 2.3.12. With notation as above, let Y be a 0-cycle of Xv and s a rational
section of O(D)an

v that is regular and non-vanishing on the support of Y . Set Yw and
sw = π∗s for the 0-cycle and rational section obtained by base extension. Then

h‖·‖w
(Yw, sw) = h‖·‖v

(Y, s).

To define global heights of cycles over an adelic field, we consider adelic families of
metrics on the Cartier divisor D satisfying a certain compatibility condition.

Definition 2.3.13. An (adelic) metric on D is a collection ‖ · ‖v of metrics on O(D)an
v ,

for v ∈M, such that, for every point p ∈ X(K) and a choice of a rational section s

of O(D) that is regular and non-vanishing at p and of an adelic field extension (F,N)
such that p ∈ X(F),

‖s(pan
w )‖w = 1 (2.3.8)

for all but a finite number of w ∈ N. We denote by D = (D, (‖·‖v)v∈M) the corresponding
(adelically) metrized divisor on X.

In addition, D is semipositive if each of its v-adic metrics is semipositive in the sense
of [19, Definition 1.4.1].

The condition (2.3.8) does not depend on the choice of the rational section s and of
the adelic field extension (F,N).
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Remark. When K is a global field, the classical notion of compatibility for a collection of
metrics ‖ · ‖v on O(D)an

v , v ∈M, is that of being quasi-algebraic, in the sense that there
is an integral model that induces all but a finite number of these metrics [19, Definition
1.5.13].

By Proposition 1.5.14 in loc. cit., a quasi-algebraic metrized divisor D is adelic in
the sense of Definition 2.3.13. The converse is not true, as it is easy to construct toric
adelic metrized divisors that are not quasi-algebraic (Remark 2.3.3).

For a 0-cycle Y of X and a place v ∈M, we denote by Yv the 0-cycle of Xv defined
by base change. When Y = p is a closed point of X, by Lemma 2.3.4 applied to the finite
extension K(p) of K, the 0-dimensional subscheme pv = p× Spec(Kv) of Xv decomposes
as

pv = Spec(K(p)⊗K Kv) '
∐
w∈Nv

Spec(Ew),

where the Ei’s are the Artinian Kv-algebras in (2.3.3). Let qw, w ∈ Nv, be the irreducible
components of this subscheme. Then, the associated 0-cycle of Xv writes down as

[pv] =
∑
w∈Nv

lEw(Ew) qw

and, for each w ∈ Nv, we have K(qw) ' K(p)w. For an arbitrary Y , the 0-cycle Yv is
obtained by linearity.

Let D = (D, (‖ · ‖v)v∈M) be a metrized divisor on X, Y a 0-cycle of X and s a
rational section of O(D) that is is regular and non-vanishing on the support of Y . For
each place v ∈M, we set

hD,v(Y ; s) = h‖·‖v
(Yv; s),

where Yv is the 0-cycle of Xv obtained by base change. The condition that D is adelic
implies that hD,v(Y ; s) = 0 for all but a finite number of places.

If s′ is another rational section of O(D) that is regular and non-vanishing on |Y |,
then s′ = fs with f ∈ K(X)× and, for v ∈M,

hD,v(Y ; s′) = hD,v(Y ; s)− log |γ|v (2.3.9)

where Y =
∑
p µp p and γ =

∏
p f(p)µp ∈ K×.

Definition 2.3.14. Let D be a metrized divisor on X and Y a 0-cycle of X. The global
height of Y with respect to D is defined as

hD(Y ) =
∑
v∈M

nv hD,v(Y ; s), (2.3.10)

with s a rational section of O(D) that is is regular and non-vanishing on |Y |.
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The local heights in (2.3.10) are zero for all but a finite number of places, and so this
sum is finite. The equality (2.3.9) together with the product formula imply that this sum
does not depend on the rational section s.

Given a metrized divisor D on X and an adelic field extension (F,N), we denote
by DF the metrized divisor on XF obtained by extending the v-adic metrics of D as
in (2.3.7).

Proposition 2.3.15. Let D be a metrized divisor on X, Y a 0-cycle of X and (F,N)
an adelic field extension of (K,M). Then

hDF
(YF) = hD(Y ).

Proof. Let s be a rational section of O(D) that is is regular and non-vanishing on |Y |
and v ∈M. By Propositions 2.3.12 and 2.3.6(1),∑

w∈Nv

nw hDF,w
(YF, s) =

∑
w∈Nv

nw hD,v(Y, s) = nv hD,v(Y, s).

The statement follows by summing over all the places of K.

Since the global height is invariant under field extension, it induces a notion of global
height for algebraic points, that is, a well-defined function

hD : X(K) −→ R.

When K is a global field, this notion coincides with the one in [18, Definition 2.2].
Now we turn to cycles of arbitrary dimension. Let V be a k-dimensional irreducible

subvariety of X and D0, . . . , Dk−1 a family of k semipositive metrized divisors on X. For
each place v ∈M, we can associate to this data a measure on Xan

v denoted by

c1(D0) ∧ · · · ∧ c1(Dk−1) ∧ δV an
v

and called the v-adic Monge-Ampère measure of V and D0, . . . , Dk−1 [19, Definition 1.4.6]
and [22, Définition 2.4]. For a k-cycle Y of X, this notion extends by linearity to a signed
measure on Xan

v , denoted by c1(D0) ∧ · · · ∧ c1(Dk−1) ∧ δY an
v
. It is supported on |Yv|an

and has total mass equal to the degree degD0,...,Dk−1(Y ).
We recall the notion of local height of cycles from [19, Definition 1.4.11].

Definition 2.3.16. Let Y be a k-cycle ofX and, for i = 0, . . . , k, let (Di, si) be a semipos-
itive metrized divisor on X and a rational section of O(Di) such that div(s0), . . . ,div(sk)
intersect Y properly (Definition 2.2.1). For v ∈M, the local height of Y with respect to
(D0, s0), . . . , (Dk, sk) is inductively defined by the rule

hD0,...,Dk,v
(Y ; s0, . . . , sk) = hD0,...,Dk−1,v

(div(sk) · Y ; s0, . . . , sk−1)
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−
∫
Xan

v

log ||sk||k,vc1(D0) ∧ . . . ∧ c1(Dk−1) ∧ δY an
v

and the convention that the local height of the cycle 0 ∈ Z−1(X) is zero.

Remark.

1. The local height is linear with respect to the group structure of Zk(X). In particular,
the local heights of the cycle 0 ∈ Zk(X) are zero.

2. For a closed point of X and v ∈M, it the v-adic Monge-Ampère measure coincides
with the weighted Dirac measure in (2.3.5), see for instance [19, page 17 and
Definition 1.3.15]. Hence, for 0-cycles, the local heights in Definitions 2.3.10 and
2.3.16 coincide.

The following notion is the arithmetic analogue of global sections of a line bundle,
and Proposition 2.3.18 below is an analogue for local heights of Proposition 2.2.5.

Definition 2.3.17. Let D = (D, (|| · ||v)v∈M) be a metrized divisor on X. A global
section s of O(D) is D-small if, for all v ∈M,

sup
q∈Xan

v

‖s(q)‖v ≤ 1.

Proposition 2.3.18. Let Y be an effective k-cycle of X and, for i = 0, . . . , k, let
(Di, si) be a semipositive metrized divisor on X and a rational section of O(Di) such
that div(s0), . . . ,div(sk) intersect Y properly and such that sk is Dk-small. Then, for
each place v ∈M,

hD0,...,Dk−1,v
(div(sk) · Y ; s0, . . . , sk−1) ≤ hD0,...,Dk,v

(Y ; s0, . . . , sk).

Proof. Since the cycle Y is effective and the metrized divisors Di are semipositive, their
v-adic Monge-Ampere measure is a measure, that is, it takes only nonnegative values.
Since the global section sk is Dk-small, log ||sk(q)||k,v ≤ 0 for all q ∈ Xan

v . The inequality
follows then from the inductive definition of the local height.

Our next step is to define global heights for cycles over an adelic field. We first state
an auxiliary result specifying the behavior of local heights with respect to change of
sections, extending (2.3.9) to the higher dimensional case. The following lemma and its
proof are similar to [39, Corollary 3.8].

Lemma 2.3.19. Let Y be a k-cycle of X and D0, . . . , Dk semipositive metrized di-
visors on X. Let si, s′i be rational sections of O(Di), i = 0, . . . , k, such that both
div(s0), . . . ,div(sk) and div(s′0), . . . ,div(s′k) intersect Y properly. Then there exists
γ ∈ K× such that, for all v ∈M,

hD0,...,Dk,v
(Y ; s′0, . . . , s′k) = hD0,...,Dk,v

(Y ; s0, . . . , sk)− log |γ|v. (2.3.11)
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Proof. Let s′′i be a rational section of O(Di), i = 0, . . . , k, such that the (s′′0, . . . , s′′k) is
generic.

Notice that, by the genericity of (s′′0, . . . , s′′k), for any choice of r = 0, . . . , k and any
permutation i0, . . . , ik of 0, . . . , k, we have that

div(si0), . . . ,div(sir ),div(s′′ir+1), . . . ,div(s′′ik)

intersect Y properly. We proceed by proving (2.3.11) with the s′′i ’s in the place of the s′i’s.
That is, there exists a γ̃ ∈ K× such that, for all v ∈M,

hD0,...,Dk,v
(Y ; s′′0, . . . , s′′k) = hD0,...,Dk,v

(Y ; s0, . . . , sk)− log |γ̃|v. (2.3.12)

Consider the particular case when si = s′′i for i = 0, . . . , k − 1. Set s′′k = fsk
with f ∈ K(X)×, and

(∏k−1
i=0 div(si)

)
· Y =

∑
p µp p. By [19, Theorem 1.4.17(3)], the

equality (2.3.12) holds with γ̃k ∈ K× given by

γ̃k =
∏
p

f(p)µp .

By [19, Theorem 1.4.17(1)], the local height is symmetric in the pairs (Di, si). Hence, we
can reorder the metrized line bundles and sections, and iterate the above construction for
every i = 0, . . . , k. The resulting γ̃ in (2.3.12) is obtained by multiplying each of the γ̃i’s.

Analogously, we can proof (2.3.12) replacing the si’s by the s′i’s. By combining both
these equalities, we obtain (2.3.11).

We consider the following notions of positivity of metrized divisors.

Definition 2.3.20. Let D be a metrized divisor on X.

1. D is nef if D is nef, D is semipositive, and hD(p) ≥ 0 for every closed point p of X.

2. D is generated by small sections if, for every closed point p ∈ X, there is a D-small
section s such that p /∈ |div(s)|.

Lemma 2.3.21. Let Y be an effective k-cycle of X and (Di, si) semipositive metrized
divisors on X together with a rational section of O(Di), i = 0, . . . , k, such that the divisors
div(s0), . . . ,div(sk) intersect Y properly. Suppose that Di, i = 1, . . . , k, are generated by
small sections. Then there exists ζ ∈ K× such that, for all v ∈M,

hD0,...,Dk,v
(Y ; s0, . . . , sk) ≥ log |ζ|v + hD0,v

(( k∏
i=1

div(si)
)
· Y, s0

)
.

Proof. For k = 0, the statement is obvious, so we only consider the case when k ≥ 1. By
Lemma 2.3.19, it is enough to prove the statement for any particular choice of rational
sections si, provided that their associated Cartier divisors intersect Y properly.
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We can also reduce without loss of generality to the case when Y = V is an irreducible
variety of dimension k. We can then choose rational sections si, i = 0, . . . , k, such that
each si is Di-small. By Proposition 2.3.18,

hD0,...,Dk,v
(V ; s0, . . . , sk) ≥ hD0,...,Dk−1,v

(div(sk) · V ; s0, . . . , sk−1).

Since div(sk) ·V is an effective (k− 1)-cycle, the statement follows by induction on k.

Proposition-Definition 2.3.22. Let Y be an effective k-cycle of X, and D0, . . . , Dk

semipositive metrized divisors on X such that D1, . . . , Dk are generated by small sections.
Let si be a rational section of O(Di), i = 0, . . . , k, such that div(s0), . . . ,div(sk) intersect
Y properly. The global height of Y with respect to D0, . . . , Dk is defined as the sum

hD0,...,Dk
(Y ) =

∑
v∈M

nv hD0,...,Dk,v
(Y ; s0, . . . , sk). (2.3.13)

This sum converges to an element in R ∪ {+∞}, and its value does not depend on the
choice of the si’s.

Proof. The existence of rational sections si such that div(s0), . . . ,div(sk) intersects Y
properly follows from the moving lemma, with the hypothesis that X is projective.

By Lemma 2.3.21 and the fact that the local heights of 0-cycles are zero for all but a
finite number of places, the local heights in (2.3.13) are non negative, except for a finite
number of v’s. Hence, the sum converges to an element in R ∪ {+∞}. Lemma 2.3.19
and the product formula imply that the value of this sum does not depend on the choice
of the si’s.

Remark. This definition generalizes the notion of global height of cycles of varieties
over global fields in [19, §1.5], to cycles of varieties over an arbitrary adelic field, in the
case when the considered metrized divisors are generated by small sections.

In the context of varieties over global fields, the local heights of a given cycle are zero
for all but a finite number of places [19, Proposition 1.5.14], and so their global height is
a real number given as a weighted sum of a finite number local heights. In our present
generality, the sum in (2.3.13) might contain an infinite number of nonzero terms. We
will see that, in the toric situation, these global heights are nonnegative real numbers,
different from +∞.

The following results are arithmetic analogues of Proposition 2.2.5 and Corollary 2.2.6.

Proposition 2.3.23. Let Y be an effective k-cycle of X, and D0, . . . , Dk semipositive
metrized divisors on X such that D0 is nef and D1, . . . , Dk are generated by small sections.
Let sk be a Dk-small section. Then

0 ≤ hD0,...,Dk−1
(div(sk) · Y ) ≤ hD0,...,Dk

(Y ).
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Proof. We reduce without loss of generality to the case when Y = V is an irreducible
subvariety of dimension k. If V ⊂ | div(sk)|, the first inequality is clear. For the
second inequality, we choose rational sections si, i = 0, . . . , k − 1, and s′k such that
div(s0), . . . ,div(sk−1), div(s′k) intersect Y properly. Using Lemmas 2.3.19 and 2.3.21, the
product formula and the fact that D0 is nef, we deduce that hD0,...,Dk

(Y ) ≥ 0.
Otherwise, V 6⊂ |div(sk)| and we choose rational sections si, i = 0, . . . , k − 1, such

that div(s0), . . . ,div(sk) intersect Y properly. The first inequality follows by applying the
argument above to div(sk) ·Y , whereas the second one is given by Proposition 2.3.18.

Corollary 2.3.24. Let D0, . . . , Dn be semipositive metrized divisors on X such that D0
is nef and D1, . . . , Dn are generated by small sections. Let si be a Di-small section,
i = 1, . . . , n. Then

0 ≤ hD0

( n∏
i=1

div(si)
)
≤ hD0,...,Dn

(X).

2.3.3 Metrics and heights on toric varieties

Let (K,M) be an adelic field satisfying the product formula. Let M ' Zn be a lattice
and T ' Gnm,K its associated torus over K as in (2.2.4). For v ∈M, we denote by Tan

v the
v-adic analytification of T, and by Sv its maximal compact subgroup. In the Archimedean
case, Sv is homeomorphic to the polycircle (S1)n, whereas in the non-Archimedean case,
it is a compact analytic group, see [19, §4.2] for a description. Moreover, there is a map
defined, in a given splitting, as

valv : Tan
v −→ NR

(x1, . . . , xn) 7−→ (− log |x1|v, . . . ,− log |xn|v).

This map does not depend on the choice of the splitting, and Sv coincides with its fiber
over the point 0 ∈ NR.

Let X be a projective toric variety with torus T given by a regular complete fan Σ
on NR, and D a toric Cartier divisor on X given by a virtual support function ΨD on Σ.
Recall that X contains T as a dense open subset. Let ‖ · ‖v be a toric v-adic metric on D,
that is, a metric on the analytic line bundle O(D)an

v that is invariant under the action
of Sv. This allows to define a continuous function ψ||·||v : NR → R, called v-adic metric
function associated to || · ||v, given by

ψ||·||v (u) = log ||sD(p)||v, (2.3.14)

for any p ∈ Tan
v with valv(p) = u and where sD is the distinguished rational section

of O(D). This function satisfies that |ψ||·||v −ΨD| is bounded on NR and moreover, this
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difference extends to a continuous function on NΣ, the compactification of NR induced
by the fan Σ. Indeed, the assignment

|| · ||v 7−→ ψ||·||v (2.3.15)

is a one-to-one correspondence between the set of toric v-adic metrics on D and the set of
such continuous functions on NR [19, Proposition 4.3.10]. In particular, the toric v-adic
metric on D associated to the virtual support function ΨD is called the canonical v-adic
toric metric of D and is denoted by || · ||v,can.

Furthermore, when ‖ · ‖v is semipositive, ψ‖·‖v
is a concave function and it verifies

that |ψ||·||v −ΨD| is bounded on NR, and the assignment in (2.3.15) gives a one-to-one
correspondence between the set of semipositive toric v-adic metrics on D and the set of
such concave functions on NR.

When ‖ · ‖v is semipositive, we also consider a continuous concave function on the
polytope ϑ‖·‖v

: ∆D → R defined as the Legendre-Fenchel dual of ψ‖·‖v
, that is

ϑ‖·‖v
(x) = inf

u∈NR
〈x, u〉 − ψ‖·‖v

(u).

We call this function, the v-adic roof function associated to || · ||v. The assignment
‖ · ‖v 7→ ϑ‖·‖v

is a one-to-one correspondence between the set of semipositive toric v-adic
metrics on D and that of continuous concave functions on ∆D. Under this assignment,
the canonical v-adic toric metric of D corresponds to the zero function on ∆D.

Definition 2.3.25. An (adelic) toric metric on D is a collection of toric v-adic metrics
(‖ · ‖v)v∈M, such that ‖ · ‖v = || · ||v,can for all but a finite number of v ∈M. We denote
by D = (D, (‖ · ‖v)v∈M) the corresponding (adelic) toric metrized divisor on X.

Example 2.3.26. The collection (‖ · ‖v,can)v∈M of v-adic toric metrics on D is adelic
in the sense of Definition 2.3.25. We denote by Dcan the corresponding canonical toric
metrized divisor on X.

Let D be a toric metrized divisor on X. For each v ∈M, we set

ψD,v = ψ‖·‖v
and ϑD,v = ϑ‖·‖v

for the associated v-adic metric function and v-adic roof function, respectively.

Proposition 2.3.27. Let D = (D, (‖ · ‖v)v∈M) be toric divisor together with a collection
of toric v-adic metrics. If D is adelic in the sense of Definition 2.3.25, then it is
also adelic in the sense of Definition 2.3.13. Moreover, both definitions coincide in the
semipositive case.
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Proof. Let p ∈ X(K) and choose an adelic field extension (F,N) such that p ∈ X(F).
Then pF is a rational point of XF and the inclusion

ι : pF ↪−→ XF

is an equivariant map. Hence the inverse image ι∗D is an adelic toric metric on pF and
so, for w ∈ N,

log ‖pF‖w = ψι∗D,w(0),

and this quantity vanishes for all but the finite number of w ∈ N such that ‖ · ‖w is not
the canonical metric. Since this holds for all p ∈ X(K), we conclude that D is adelic in
the sense of Definition 2.3.13.

For the second statement, assume that D is semipositive and adelic in the sense of
Definition 2.3.13. Let xi ∈ M , i = 1, . . . , s, be the vertices of the lattice polytope ∆D.
By [19, Example 2.5.13], there is an n-dimensional cone σi ∈ Σ corresponding to xi under
the Legendre-Fenchel correspondence, i = 1, . . . , s. Each of these n-dimensional cones
corresponds to a 0-dimensional orbit pi of X. Denote by ιi : pi ↪→ X the inclusion of this
orbit.

Fix 1 ≤ i ≤ s. Modulo a translation, we can assume without loss of generality that
xi = 0. By [19, Proposition 4.8.9], for v ∈M,

ϑD,v(xi) = ϑι∗iD,v
(0) = − log ‖sD(pi)‖v.

Hence ϑD,v(xi) = 0 for all but a finite number of v’s.
On the other hand, let x0 be the distinguished point of X, which coincides with the

neutral element of T, and denote by ι0 : x0 ↪→ X its inclusion. By [19, Proposition 4.8.10],

max
x∈∆D

ϑD,v(x) = ϑι∗0D,v
(0) = − log ‖sD(x0)‖v.

Hence maxx∈∆D
ϑD,v(x) = 0 for all but a finite number of v’s.

For all v ∈ M such that ϑD,v(xi) = 0 for all i and maxx∈∆D
ϑD,v(x) = 0, we have

that ϑD,v ≡ 0 because this local roof function is a concave function on ∆D. Hence, ‖ · ‖v
coincides with the v-adic canonical metric of D for all these places.

Remark. In the general non-semipositive case, Definitions 2.3.25 and 2.3.13 do not
coincide. For instance, when X = P1

K, a collection of metrics ‖ · ‖v, v ∈ M, satisfies
Definition 2.3.13 if and only if its associated metric functions satisfy that

ψD,v(0) = 0 and lim
u→±∞

ψD,v(u)−ΨD(u) = 0

for all but a finite number of places. In the absence of convexity, these conditions do not
imply that ψD,v = ΨD for all but a finite number of places.
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Proposition 2.3.28. Let D be a toric Cartier divisor on X.

1. The assignment D 7→ (ψD,v)v∈M is a one-to-one correspondence between the set
of semipositive toric metrics on D, and the set of families of concave functions
(ψv)v∈M on NR such that |ψv −ΨD| is bounded for all v, and ψv = ΨD for all but
a finite number of v ∈M.

2. The assignment D 7→ (ϑD,v)v∈M is a one-to-one correspondence between the set
of semipositive toric metrics on D and the set of families of continuous concave
functions (ϑv)v∈M on ∆D such that ϑv = 0 for all but a finite number of v ∈M.

A classical example of toric metrized divisors are those given by the inverse image
of an equivariant map to a projective space equipped with the canonical metric on its
universal line bundle. Below we describe this example and we refer to [19, Example
5.1.16] for the technical details.

Let m = (m0, . . . ,mr) ∈ M r+1 and α = (α0, . . . , αr) ∈ (K×)r+1, with r ≥ 0. The
monomial map associated to this data is defined as

ϕm,α : T −→ PrK, (2.3.16)
p 7−→

(
α0χ

m0(p) : · · · : αrχmr (p)
)
.

Let Σ be a regular fan in NR compatible with the polytope ∆ = conv(m0, . . . ,mr) ⊂MR,
in the sense that the support function Ψ∆ is a virtual support function on Σ. For a toric
variety X with torus T corresponding to the fan Σ, the monomial map (2.3.16) extends
to an equivariant map X → PrK, also denoted by ϕm,α.

Example 2.3.29. With notation as above, let Ecan be the divisor of the hyperplane at
infinity of PrK, equipped with the canonical metric at all places. Then D = ϕ∗m,αE is the
nef toric Cartier divisor on X corresponding to the translated polytope ∆ −m0. We
consider the semipositive toric metrized divisor D = ϕ∗m,αE on X.

For each v ∈M, the v-adic metric function of D, ψD,v : NR −→ R, is given by

ψD,v(u) = min
0≤j≤r

(
〈mj −m0, u〉 − log

∣∣∣αj
α0

∣∣∣
v

)
.

The polytope corresponding to D is ∆−m0 and, for each v ∈M, the v-adic roof function
of D is given by

ϑD,v(x) = max
λ

r∑
j=0

λj log |αj |v − log |α0|v,

the maximum being over the vectors λ = (λ0, . . . , λr) ∈ Rr+1
≥0 with

∑r
j=0 λj = 1 such

that
∑r
j=0 λj(mj −m0) = x. In other words, this the piecewise affine concave function

on ∆−m0 parametrizing the upper envelope of the extended polytope

conv
(
(mj −m0, log |αj/α0|v)0≤j≤r

)
⊂MR × R.
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Definition 2.3.30. For i = 0, . . . , n, let gi : ∆i → R be a concave function on a convex
body ∆i ⊂MR. The mixed integral of g0, . . . , gn is defined as

MIM (g0, . . . , gn) =
n∑
j=0

(−1)n−j
∑

0≤i0<···<ij≤n

∫
∆i0+···+∆ij

gi0 � · · ·� gij d volM ,

where ∆i0 + · · ·+ ∆ij denotes the Minkowski sum of polytopes, and gi0 � · · ·� gij the
sup-convolution of concave function, which is the function on ∆i0 + · · ·+ ∆ij defined as

gi0 � · · ·� gij (x) = sup
(
gi0(xi0) + · · ·+ gij (xij )

)
,

where the supremum is taken over xil ∈ ∆il , l = 0, . . . , j, such that xi0 + · · ·+ xij = x.

The mixed integral is symmetric and additive in each variable with respect to the
sup-convolution. Moreover, for a concave function g : ∆→ R on a convex body ∆, we
have MIM (g, . . . , g) = (n+ 1)!

∫
∆ g d volM , see [67, §8] for details.

The following is a restricted version of a result by Burgos Gil, Philippon and Sombra,
giving the global height of a toric variety with respect to a family of semipositive toric
metrized divisors in terms of the mixed integrals of the associated local roof functions
[19, Theorem 5.2.5].

Theorem 2.3.31. Let Di, i = 0, . . . , n, be semipositive toric metrized divisors on X

such that D1, . . . , Dn are generated by small sections. Then

hD0,...,Dn
(X) =

∑
v∈M

nv MIM (ϑD0,v
, . . . , ϑDn,v

). (2.3.17)

Remark. The result in [19, Theorem 5.2.5] is more general. Given semipositive toric
metrized divisors Di, i = 0, . . . , n, and rational sections si such that div(s0), . . . ,div(sn)
intersect X properly, the corresponding local heights are zero except for a finite number
of places, and the formula (2.3.17) holds without any extra positivity assumption.

2.4 Arithmetic Bernštein-Kušnirenko

In this section we first prove the main results of this chapter, Theorem 2.4.5 and
Corollary 2.4.8, which give bounds on the height of 0-cycles coming from systems of
Laurent polynomials. Furthermore, we apply these results to more concrete settings: we
present two families of examples and compare the actual height of the the 0-cycles with
the bounds provided by our results. Finally, we give an application bounding the height
of the resultant of a 0-cycle defined by a system of Laurent polynomials.
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2.4.1 Main theorem

Let (K,M) be an adelic field satisfying the product formula. Let f ∈ K[M ] be a Laurent
polynomial and ∆ ⊂MR its Newton polytope. Let X be a projective toric variety over K
given by a fan on NR that is compatible with ∆, and D the Cartier divisor on X given
by this polytope. To prove our main theorem, we first construct a toric metric on D
such that the associated toric metrized divisor D is semipositive and generated by small
sections, and the global section of O(D) associated to f is D-small. We obtain this
metrized divisor as the inverse image of a metrized divisor on a projective space.

For r ≥ 0, let PrK be the r-dimensional projective space over K and E the divisor
of the hyperplane at infinity. We denote by E this Cartier divisor equipped with the
`1-norm at the Archimedean places, and the canonical one at the non-Archimedean ones.
This metric is defined, for p = (p0 : · · · : ps) ∈ PsK(Kv) and a global section s of O(E)
corresponding to a linear form ρs ∈ K[x0, . . . , xs], by

‖s(p)‖v =


|ρs(p0, . . . , ps)|v∑

j |pj |v
if v is Archimedean,

|ρs(p0, . . . , ps)|v
maxj |pj |v

if v is non-Archimedean,
(2.4.1)

The projective space PrK has a standard structure of toric variety with torus Grm,K,
included via the map (z1, . . . , zr) 7→ (1 : z1 : · · · : zr). Thus E is a toric metrized divisor.
It is a particular case of the weighted `p-metrized divisors on toric varieties studied
in [20, §5.2].

The following result summarizes the basic properties of this toric metrized divisor
and its combinatorial data.

Proposition 2.4.1. The toric metrized divisor E on PrK is semipositive and generated by
small sections. For v ∈M, its v-adic metric function is given, for u = (u1, . . . , ur) ∈ Rr,
by

ψE,v(u) =


− log

(
1 +

r∑
j=1

e−uj

)
if v is Archimedean,

min(0, u1, . . . , ur) if v is non-Archimedean.
(2.4.2)

The polytope corresponding to E is the standard simplex ∆r of Rr. For v ∈M, the v-adic
roof function of E is given, for x = (x1, . . . , xr) ∈ ∆r, by

ϑE,v(x) =


−

r∑
j=0

xj log(xj) if v is Archimedean,

0 if v is non-Archimedean,

with x0 = 1−
∑r
j=1 xj.
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Proof. The distinguished rational section of the line bundle O(E) corresponds to the
linear form x0 ∈ K[x0, . . . , xr]. Hence, for an Archimedean place v and a point z =
(z1, . . . , zr) ∈ Grm,K(Kv),

ψE,v(valv(z)) = log ‖sE(z)‖v = − log
(
1 +

r∑
j=1
|zj |
)
,

which gives the expression in (2.4.2) for this case. The non-Archimedean case is done
similarly. We can easily check that these metric functions are concave. In the Archimedean
case, this can be done by computing its Hessian and verifying that it is nonpositive
and, in the non-Archimedean case, it is immediate from its expression. Hence, E is
semipositive.

Set sj for the global section corresponding to the linear form xj ∈ K[x0, . . . , xr],
j = 0, . . . , r. We have that

⋂r
j=0 | div(sj)| = ∅, and so this is a set of generating global

sections. It follows from the definition of the metric in (2.4.1) that these global sections
are E-small. Hence, E is generated by small sections.

The fact that the polytope corresponding to E is the standard simplex is classical,
see for instance [34, page 27]. When v is Archimedean, the v-adic roof function can
be computed similarly as the one for the Fubini-Study metric in [19, Example 2.4.3].
When v is non-Archimedean, v-adic roof function is zero, because the metric ‖ · ‖v is
canonical.

Set r ≥ 0. Take m = (m0, . . . ,mr) ∈ M r+1 and α = (α0, . . . , αr) ∈ (K×)r+1, and
consider the polytope ∆ = conv(m0, . . . ,mr) ⊂MR. Let X be a projective toric variety
over K given by a fan on NR that is compatible with ∆. Let ϕm,α : T → PrK be the
monomial map in (2.3.16) and set

Dm = div(χ−m0) + ϕ∗m,αE,

which coincides with the Cartier divisor on X corresponding to ∆. For each v ∈M, we
consider the metric on O(Dm)an

v ' O(ϕ∗m,αE)an
v defined by

‖ · ‖m,α,v = |α0|−1
v ϕ∗m,α‖ · ‖E,v, (2.4.3)

the homothecy by |α0|v of the inverse image by ϕm,α of the v-adic metric of E. We then
set

Dm,α = (Dm, (‖ · ‖m,α,v)v∈M). (2.4.4)

Since ϕm,α is an equivariant map and E is toric, this is a toric metrized divisor on X.
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Proposition 2.4.2. The toric metrized divisor D = Dm,α on X is semipositive and
generated by small sections. For v ∈M, its v-adic metric is given, for p ∈ T(Kv), by

‖sD(p)‖v =


( r∑
j=0
|αjχmj (p)|v

)−1
if v is Archimedean,

(
max

0≤j≤r
|αjχmj (p)|v

)−1
if v is non-Archimedean.

(2.4.5)

The v-adic metric function of D is given, for u ∈ NR, by

ψD,v(u) =


− log

( r∑
j=0
|αj |v e−〈mj ,u〉

)
if v is Archimedean,

min
0≤j≤r

〈mj , u〉 − log |αj |v if v is non-Archimedean,
(2.4.6)

and the v-adic roof function of D is given, for x ∈ ∆, by

ϑD,v(x) =


max
λ

r∑
j=0

λj log
( |αj |v
λj

)
if v is Archimedean,

max
λ

r∑
j=0

λj log |αj |v if v is non-Archimedean,
(2.4.7)

the maximum being over the vectors λ = (λ0, . . . , λr) ∈ Rr+1
≥0 with

∑r
j=0 λj = 1 such that∑r

j=0 λjmj = x.

Proof. SetD′ = ϕ∗m,αE for short. This is a toric metrized divisor onX that is semipositive
and generated by small sections, due to Proposition 2.4.1 and the preservation of these
properties under inverse image. Since the v-adic metrics of D are homothecies of those of
D′, it follows that D is semipositive too. Moreover, a global section ς of O(D′) ' O(D)
is D′-small if and only if the global section α0 ς is D-small. It follows that D is also
generated by small sections.

Using (2.4.1) and the definition of the monomial map ϕm,α, for v ∈M, the v-adic
metric of D′ is given, for p ∈ T(Kv), by

‖sD′(p)‖v =



( r∑
j=0

∣∣∣∣αjα0
χmj−m0(p)

∣∣∣∣
v

)−1
if v is Archimedean,

(
max

0≤j≤r

∣∣∣∣αjα0
χmj−m0(p)

∣∣∣∣
v

)−1
if v is non-Archimedean.

Since D = div(χ−m0) + D′, their distinguished rational sections are related by sD =
χ−m0sD′ . It follows from (2.4.3) that

‖sD(p)‖v = |α0|−1
v |χ−m0(p)|v ‖sD′(p)‖v,
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which implies the formulae in (2.4.5). As a consequence, we obtain also the expressions
for the v-adic metric functions of D.

For its roof function, consider first the linear map H : NR → Rr+1 given, for u ∈ NR,
by H(u) = (〈m0, u〉, . . . , 〈mr, u〉). For each place v, consider the concave function
gv : Rr+1 → R given, for ν ∈ Rr+1, by

gv(ν) =


− log

( r∑
j=0
|αj |v e−νj

)
if v is Archimedean,

min
0≤j≤r

νj − log |αj |v if v is non-Archimedean.

Notice that ψD,v = H∗gv. The domain of the Legendre-Fenchel dual g∨v of gv is the
simplex S given as the convex hull of the vectors in the standard basis of Rr+1; and g∨v
is given, for λ ∈ S, by

g∨v (λ) =



r∑
j=0

λj log
( |αj |v
λj

)
if v is Archimedean,

max
λ

r∑
j=0

λj log |αj |v if v is non-Archimedean.

For the Archimedan case, this follows similarly to [19, Example 2.4.3], and is also proved
in [20, Proposition 5.8]. For the non-Archimedean case, it follows from Example 2.3.29.
Then, by [19, Proposition 2.3.8(3)], the v-adic roof function ϑD,v is the direct image
under the dual map H∨ of the Legendre-Fenchel dual g∨v , which gives the stated formulae
in (2.4.7).

Definition 2.4.3. Let f ∈ K[M ] be a Laurent polynomial and X be a projective toric
variety over K given by a fan on NR that is compatible with the Newton polytope N (f).
Write f =

∑r
j=0 αjχ

mj with mj ∈ M and αj ∈ K×. The toric metrized divisor on X

associated to f is defined as
Df = Dm,α,

the toric metrized divisor in (2.4.4) for the data m = (m0, . . . ,mr) ∈ M r+1 and α =
(α0, . . . , αr) ∈ (K×)r+1. It does not depend on the ordering of the terms of f . For v ∈M,
we denote by ψf,v and ϑf,v the v-adic metric and roof functions of Df , respectively.

Lemma 2.4.4. With notation as in Definition 2.4.3, the global section of O(Df ) associ-
ated to f is Df -small.

Proof. Set D = Df for short, and let s = fsD be the global section of O(D) associated
to f . For v ∈M and p ∈ T(Kv),

‖s(p)‖v = |f(p)|v ‖sD(p)‖v =
∣∣∣∣ r∑
j=0

αjχ
mj (p)

∣∣∣∣
v

‖sD(p)‖v.

It follows from (2.4.5) that ‖s‖v ≤ 1 on T(Kv), and so s is D-small.
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The following result corresponds to (2.1.3) in the introduction.

Theorem 2.4.5. Let f1, . . . , fn ∈ K[M ], and let X be a proper toric variety with torus
TM and D0 a nef toric metrized divisor on X. Let ∆0 ⊂MR be the polytope of D0 and,
for v ∈M, let ϑ0,v : ∆i → R be v-adic roof function of D0. For i = 1, . . . , n, let ∆i ⊂MR
be the Newton polytope of fi and, for v ∈M, let ϑi,v : ∆i → R be the v-adic roof function
on the metric associated to fi. Then

hD0
(Z(f1, . . . , fn)) ≤

∑
v∈M

nv MI(ϑ0,v, . . . , ϑn,v).

Proof. Let Σ be the complete fan corresponding to the proper toric variety X. By taking
a refinement, we can assume without loss of generality that Σ is regular and compatible
with the Newton polytopes ∆i, i = 1, . . . , n. Hence X is a projective toric variety and
D0 a nef toric metrized divisor, and there are nef toric Cartier divisors Di, i = 1, . . . , n,
corresponding to these Newton polytopes.

For i = 1, . . . , n, we denote by Di the toric metrized divisor associated to fi (Defini-
tion 2.4.3). By Proposition 2.4.2, Di is semipositive and generated by small sections and,
by Lemma 2.4.4, the global section si of O(Di) corresponding to fi is Di-small. Applying
Corollary 2.3.24 and Theorem 2.3.31,

hD0

( n∏
i=1

div(si)
)
≤ hD0,...,Dn

(X) =
∑
v∈M

nv MIM (ϑD0,v
, . . . , ϑDn,v

).

Due to Proposition 2.2.9(2), the inequality Z(f1, . . . , fn) ≤
∏n
i=1 div(si) holds. By the

linearity of the global height and the nefness of D0,

hD0
(Z(f1, . . . , fn)) ≤ hD0

( n∏
i=1

div(si)
)
,

which concludes the proof.

Definition 2.4.6. Let α = (α0, . . . , αr) ∈ (K×)r with r ≥ 1. For v ∈ M, the v-adic
logarithmic length of α is defined as

`v(α) =


log(

r∑
j=0
|αj |v) if v is Archimedean,

log( max
0≤j≤r

|αj |v) if v is non-Archimedean.

The logarithmic length of α is defined as `(α) =
∑
v∈M nv`v(α).

For a Laurent polynomial f ∈ K[M ], we define its v-adic logarithmic length, denoted
by `v(f), as the v-adic length of its vector of coefficients, v ∈ M. We also define its
logarithmic length, denoted by `(f), as the length of its vector of coefficients.
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Lemma 2.4.7. Let ϑi : ∆i → R be a concave function on a convex body, i = 0, . . . , n.
Then

MIM (ϑ0, . . . , ϑn) ≤
n∑
i=0

(
max
x∈∆i

ϑi(x)
)

MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n)

Proof. Set ci = maxx∈∆i
ϑi(x) for short. By the monotonicity of the mixed integral,

see [67, Proposition 8.1],

MIM (ϑ0, . . . , ϑn) ≤ MIM (c0|∆0 , . . . , cn|∆n),

where ci|∆i
denotes the constant function ci on the convex body ∆i. By [67, formula (8.3)],

MIM (c0|∆0 , . . . , cn|∆n) =
n∑
i=0

ci MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n),

giving the stated inequality.

The following result corresponds to the inequality (2.1.4) in the introduction.

Corollary 2.4.8. With notation as in Theorem 2.4.5,

hD0
(Z(f1, . . . , fn)) ≤

( ∑
v∈M

nv max
x∈∆0

ϑ0,v(x)
)

MVM (∆1, . . . ,∆n)

+
n∑
i=1

`(fi) MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n).

In particular, for the canonical metric on D0 (Example 2.3.26),

hDcan
0

(Z(f1, . . . , fn)) ≤
n∑
i=1

`(fi) MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n).

Proof. For 1 ≤ i ≤ n and v ∈ M, let ϑi,v be the v-adic roof function of the toric
semipositive metric associated to fi. From the definition of the Legendre-Fenchel dual, the
maximum of a concave function ϑ is −ϑ∨(0) (see also [71, Theorem 23.5]). Using (2.4.7),
we compute the values of −ψi,v(0) = −ϑ∨i,v(0) and obtain

max
x∈∆i

ϑi,v(x) = `v(fi). (2.4.8)

The first statement follows then from Theorem 2.4.5 and Lemma 2.4.7. The second
statement is a particular case of the first one, using the fact that the v-adic roof functions
of Dcan

0 are the zero functions on ∆0.

We readily derive from the previous corollary the following version of the arithmetic
Bézout theorem.



2.4. Arithmetic Bernštein-Kušnirenko 95

Corollary 2.4.9. Let f1, . . . , fn ∈ K[x1, . . . , xn] and let Dcan be the divisor at infinity
of PnK equipped with the canonical metric. Then

hDcan(Z(f1, . . . , fn)) ≤
n∑
i=1

(∏
j 6=i

deg(fj)
)
`(fi),

where deg denotes the total degree of the corresponding polynomial.

Proof. Notice that, for each i = 1, . . . , n, the Newton polytope of fi is contained in
deg(fi)∆n. Then by the monotonicity and linearity of the mixed volume

MVZn(∆n, . . . , ∆̂i, . . . , ∆̂n) ≤
∏
j 6=i

deg(fj) MVZn(∆n, . . . ,∆n) =
∏
j 6=i

deg(fj),

where the ∆i’s are the respective Newton polytopes of the fi’s.

2.4.2 Examples

The two families of examples have as objective to illustrate two aspects of the bounds
obtained above. With the first family of examples we provide a case in which both these
bounds do approach the height of the 0-cycle; while with the second one we show a
situation where the bound of Theorem 2.4.5 is sharp, and that of Corollary 2.4.8 is not.

We keep the notation of §2.4.1. We need the the following auxiliary computation of
mixed volumes. For its proof, we recall that the mixed volume of a family of polytopes
∆i ⊂ Rn, i = 1, . . . , n, can be decomposed in terms of mixed volumes of their lower
dimensional faces as

MVn(∆1, . . . ,∆n) = −
∑

u∈Sn−1

Ψ∆1(u) MVn−1(∆u
2 , . . . ,∆u

n), (2.4.9)

where Sn−1 is the unit sphere of Rn, Ψ∆1 is the support function of ∆1 as in (2.2.6), ∆u
i

is the unique face of ∆i that minimizes the functional u on this polytope, and MVn and
MVn−1 denote the mixed volume functions associated to the Lebesgue measure of Rn

and u⊥ ' Rn−1, respectively. In fact, this sum ranges through all the normal vectors of
the facets of each polytope. We refer to [78, formula (5.1.22)] for more details.

Lemma 2.4.10. Let ∆ ⊂MR be a lattice polytope, and mi ∈M , i = 2, . . . , n, linearly
independent lattice points. Denote by 0mi the segment between 0 and mi, and u ∈ N
the smallest lattice point orthogonal to all the mi’s, which is unique up to a sign. Let
P =

∑n
i=2 Zmi ⊂ M be the sublattice generated by the mi’s, and P sat its saturation.

Then
MVM (∆, 0m2, . . . , 0mn) = [P sat : P ] volZ〈∆, u〉,

where 〈∆, u〉 is the image of ∆ under the functional u : MR → R, and volZ represents the
volume associated to the Lebesgue measure in Z.
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Proof. Choosing a basis, we identify M = Zn. With this identification, MVM = MVn,
the mixed volume associated to the Lebesgue measure of Rn. The formula in (2.4.9)
applied to the polytopes ∆, 0m2, . . . , 0mn implies that

MVn(∆, 0m2, . . . , 0mn) =−
(
Ψ∆

( u

‖u‖

)
+ Ψ∆

(
− u

‖u‖

))
MVn−1(0m2, . . . , 0mn)

=− 1
‖u‖

(Ψ∆(u) + Ψ∆(−u)) MVn−1(0m2, . . . , 0mn), (2.4.10)

where ‖u‖ is the Euclidean norm. We have that

Ψ∆(u) + Ψ∆(−u) = min
x∈∆
〈x, u〉+ min

x∈∆
〈x,−u〉 = − volZ〈∆, u〉 (2.4.11)

By the Brill-Gordan duality theorem (see for example [40, Lemma 1]), we have ‖u‖ =
voln−1(PR/P sat) where voln−1 denotes the Lebesgue measure of u⊥. Hence

1
‖u‖

MVn−1(0m2, . . . , 0mn) = MVP sat(0m2, . . . , 0mn) = [P sat : P ]. (2.4.12)

The result follows then from (2.4.10), (2.4.11) and (2.4.12).

Example 2.4.11. Let d, α ≥ 1 be integers and consider the system of Laurent polyno-
mials given by

f1 = x1 − α, f2 = x2 − αxd1, . . . , fn = xn − αxdn−1 ∈ Q[x±1
1 , . . . , x±1

n ].

Its zero set in TZn = Gnm,Q consists of the rational point

p = (α, αd+1, . . . , αd
n−1+dn−2+···+1) ∈ TZn(Q) = (Q×)n.

Let X be a proper toric variety over Q, and Dcan
0 a nef toric Cartier divisor on X equipped

with the canonical metric. Let ∆0 ⊂ Rn be the polytope corresponding to D0 and, for
i = 1, . . . , n, set

ui = ei + dei+1 + · · ·+ dn−ien ∈ Zn,

where the ej ’s are the vectors in the standard basis of Zn. The height of p with respect
to Dcan

0 is

hDcan
0

(p) =
(

volZ
〈

∆0,
n∑
i=1

ui
〉)

log(α). (2.4.13)

To prove this, let v ∈ MQ. By (2.3.14), the local height of p with respect to the pair
(Dcan

0 , sD0) is given by

hDcan
0 ,v

(p, sD0) = − log ‖sD0(p)‖v,can = −Ψ∆0

(
valv(p)

)
.
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Set u =
∑n
i=1 ui for short. Since valv(p) = − log |α|v u,

−Ψ∆0

(
valv(p)

)
=


log |α|v max

m∈∆0∩Zn
〈m,u〉 if v =∞,

log |α|v min
m∈∆0∩Zn

〈m,u〉 if v 6=∞.

By adding these contributions,

hDcan
0

(p) = log(α)
(

max
m∈∆0∩Zn

〈m,u〉 − min
m∈∆0∩Zn

〈m,u〉
)
,

which gives the formula in (2.4.13).
Next we compare the value of the height of p with the bounds given by Corollary 2.4.8.

We have `(fi) = log(α+ 1) for all i. Consider the dual basis of the ui’s, given by

m1 = e1,m2 = e2 − de1, . . . , en − den−1 ∈ Zn.

For i = 1, . . . , n, the Newton polytope ∆i of fi is a translate of the segment 0mi, and ui
is the smallest lattice point in the line (

∑
j 6=iRmj)⊥. Moreover the sublattice

∑
j 6=i Zmi

is saturated. By Lemma 2.4.10

MVZn(∆0, . . . ,∆i−1,∆i+1, . . . ,∆n) = volZ〈∆0, ui〉.

Therefore, the bound given by Corollary 2.4.8 is

hDcan
0

(p) ≤
( n∑
i=1

volZ〈∆0, ui〉
)

log(α+ 1).

Example 2.1.1 in the introduction consists of the particular cases corresponding to the
polytopes ∆0 = ∆n, the standard simplex of Rn, and ∆0 = conv(0,m1, . . . ,mn).

In the following example, we exhibit a situation where the difference between the
bounds given by the results in §2.4.1 is noticeable. Recall that passing from Theorem 2.4.5
to Corollary 2.4.8 amounts to replacing the local roof functions by constant functions on
the polytope bounding them from above. Hence, to maximize the discrepancy between
these two concave functions, we look for local roof functions that are tent-shaped, which
is the situation where the difference between the mean value and the maximum value of
these functions is the greatest possible.

Example 2.4.12. Let α ≥ 1 be an integer, and consider the system of Laurent polyno-
mials defined as

fi = xi − α ∈ Q[x±1
1 , . . . , x±1

n ], for i = 1, . . . , n,
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Its zero set in Gnm,Q is the rational point p = (α, . . . , α) ∈ (Q×)n. Let X = PnQ and let
E

can be the divisor of the hyperplane at infinity equipped with the canonical metric.
Then the height of p with respect to Ecan is

hEcan(p) = log(α).

Next we compare the value of this height with the bound given by Theorem 2.4.5.
Since the explicit computation of the mixed integrals appearing in this bound is somewhat
involved, instead of giving its exact value we are going to approximate it with an upper
bound that is easier to compute.

The polytope associated to the toric Cartier divisor E is ∆0 = ∆n, the standard
simplex of Rn. For each v ∈MQ, the v-adic roof function ϑ0,v of Ecan is the zero function
on this simplex.

For each i = 1, . . . , n, let ∆i = N (fi) ⊂ Rn be the Newton polytope of fi, which
coincides with the segment 0 ei. For v ∈MQ, let ϑi,v be the v-adic roof function associated
to fi (Definition 2.4.3). This function is given, for t ei ∈ ∆i = 0 ei, by

ϑi,∞(t ei) =

(1− t) log(α)− t log t− (1− t) log(1− t) if v =∞,
(1− t) log |α|v if v 6=∞.

For the Archimedean place, the v-adic roof functions are nonnegative, and so their mixed
integral can be expressed as a mixed volume

MIZn(ϑ0,∞, . . . , ϑn,∞) = MVZn+1(∆̃0, . . . , ∆̃n), (2.4.14)

with ∆̃i = conv
(
graph(ϑi,∞),∆i × {0}) ⊂ Rn × R. Consider the concave function

ϑ : ∆n → R defined by

x = (x1, . . . , xn) 7−→ log(2) + log(α)
(
1−

n∑
i=1

xi
)
,

and set ∆̃ = conv
(
graph(ϑ),∆n × {0}

)
⊂ Rn × R. Notice that ϑi,∞ ≤ ϑ on ∆i, and so

∆̃i ⊂ ∆̃, i = 0, . . . , n. By the monotony of the mixed volume,

MVZn+1(∆̃0, . . . , ∆̃n) ≤ MVZn+1(∆̃, . . . , ∆̃) = (n+ 1)!
∫

∆n
ϑ dx

= (n+ 1)!
(

log(2) vol(∆n) + log(α)
∫

∆n

(
1−

n∑
i=1

xi
)

dx
)

= (n+ 1) log(2) + log(α).

(2.4.15)

When v is non-Archimedean, we have that |α|v ≤ 1 because α is an integer. Hence
ϑi,v ≤ 0, and so the mixed integral of these concave functions is nonpositive. Theorem 2.4.5
together with (2.4.14) and (2.4.15) gives the upper bound

hEcan(p) ≤ (n+ 1) log(2) + log(α).
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To conclude the example, we compute the bound given by Corollary 2.4.8. For
i = 1, . . . , n, we have that `(fi) = log(α+ 1) and MVZn(∆0, . . . ,∆i−1,∆i+1, . . . ,∆n) = 1.
Hence, this bound reduces to

hEcan(p) ≤ n log(α+ 1),

concluding the study of this example.

2.4.3 Application to u-resultants and geometric representations

Fix K an algebraic closure of K, and M ' Zn a lattice. As an application of our results,
we bound the size of the coefficients of the u-resultant of the direct image of this cycle
under an equivariant map. It corresponds to Theorem 2.1.2 in the introduction, for
general adelic fields satisfying the product formula. We first introduce the notion of
u-resultant of a 0-cycle.

Definition 2.4.13. Let W ∈ Z0(PrK) be a 0-cycle of a projective space over K and
u = (u0, . . . , ur) a group of r+1 variables. WriteWK =

∑
q µq q ∈ Z0

(
PrK
)
for the 0-cycle

obtained from W by the base change K ↪→ K. The u-resultant (or Chow form) of W is
defined as

Res(W ) =
∏
q

(q0u0 + · · ·+ qrur)µq ∈ K(u)×,

the product being over the points q = (q0 : · · · : qr) ∈ PrK(K) in the support of WK. It is
well-defined up to a factor in K×.

The length of a Laurent polynomial (Definition 2.4.6) is invariant under adelic field
extensions and multiplication by scalars. It is also submultiplicative, in the sense that it
satisfies the inequality

`(fg) ≤ `(f) + `(g)

for any Laurent polynomials f, g ∈ K[M ].

Theorem 2.4.14. Let f1, . . . , fn ∈ K[M ], m0 ∈ M r+1 and α0 ∈ (K×)r+1 with r ≥ 0.
Set ∆0 = conv(m0,0, . . . ,m0,r) ⊂ MR and let ϕ : TM → PrK be the monomial map
associated to m0 and α0 as in (2.3.16). For i = 1, . . . , n, let ∆i ⊂ MR be the Newton
polytope of fi, and αi the vector of nonzero coefficients of fi. Then

`(Res(ϕ∗Z(f1, . . . , fn))) ≤
n∑
i=0

MVM (∆0, . . . ,∆i−1,∆i+1, . . . ,∆n) `(αi).

Proof. Write Z(f1, . . . , fn)K =
∑
p µp p, where the sum ranges over all points p ∈ TM (K).

Since the length is invariant under adelic field extensions and submultiplicative, we
deduce that

`(Res(ϕ∗Z(f1, . . . , fn))) ≤
∑
p

µp `
(
α0,0χ

m0,0(p)u0 + · · ·+ α0,rχ
m0,r (p)ur

)
. (2.4.16)
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Let X be a proper toric variety over K defined by a fan that is compatible with ∆i,
i = 0, . . . , n, and let D0 be the toric metrized divisor on X associated to m0 and α0 as
in (2.4.4). Given a point p ∈ TM (K), we deduce from (2.4.5) that

`
(
α0,0χ

m0,0(p)u0 + · · ·+ α0,rχ
m0,r (p)ur

)
= hD0

(p). (2.4.17)

By Proposition 2.4.2, the toric metrized divisor is semipositive and generated by
small sections. In particular, it is nef. Similarly as in (2.4.8), we also get from Proposi-
tion 2.4.2 that the v-adic roof functions of D0 satisfy

∑
v∈M nv max ϑ0,v = `(α0). Hence,

Corollary 2.4.8 implies that

∑
p

µp hD0
(p) ≤

n∑
i=0

`(αi) MV(∆0, . . . ,∆i−1,∆i+1, . . . ,∆n). (2.4.18)

The statement follows then from (2.4.16), (2.4.17) and (2.4.18).

Given a 0-dimensional variety in (K×)r, a way of representing this variety in terms
of a family of univariate polynomials is given by the shape lemma. The following is a
simple instance of this result.

Lemma 2.4.15. Assume that W is a 0-dimensional variety in (K×)r defined over K.
Then, there exist polynomials h, g0, . . . , gr ∈ K[t] such that

W =
{
(g1(t)/g0(t), . . . , gr(t)/g0(t)) ∈ (K×)r | t ∈ K, h(t) = 0

}
,

and deg(gj) < deg(h) ≤ #W , for every j = 0, . . . , r.

This kind of parametrizations can be tracked back to Kronecker when he introduced
parametric representations of equidimensional varieties. It has since been a vast research
subject in computational algebra, and are commonly known as rational univariate
representations, or geometric representations in the case of varieties of any dimension.
In particular, we highlight the approaches of Giusti and Heintz [37] Rouillier [72], and
Krick, Pardo and Sombra [46] for their relation to u-resultants.

The usual assumption on the shape lemma is that there is some coordinate that
“distinguishes points”. That is, there is a projection to some coordinate such that any
two distinct points of W take different values under this projection. Nevertheless one
can always impose a linear separating condition. For λ ∈ (K)r \ {0}, define the linear
map Lλ(x) = λ1x1 + · · ·+ λrxr. Then, the polynomial

L(λ) =
∏

x,x′∈W
x 6=x′

(
Lλ(x)− Lλ(x′)

)

is of bounded degree. Hence, there is a linear map that separates points.
The following is a proof of the Shape lemma (Lemma 2.4.15).
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Proof. Fix the embedding (K×)r ↪→ PrK, (q1, . . . , qr) 7→ (1 : q1 : · · · : qr), and a vector
λ ∈ (K×)r separating points of W . We then can take the polynomials of a rational
univariate representation of W to be, for t ∈ K×,

h(t) = Res(W )(1, t λ1, . . . , t λr);

gj(t) = ∂ Res(W )
∂ uj

(1, t λ1, . . . , t λr), for j = 0, . . . , n.
(2.4.19)

Notice that, since W ⊂ (K×)r is reduced, every u ∈ (K×)r+1 such that Res(W )(u) = 0
determines a point

(
∂ Res(W )
∂ u0

(u) : · · · : ∂ Res(W )
∂ ur

(u)
)
in W . The fact that Lλ(x) 6= Lλ(x′)

for any two distinct points x,x′ ∈W , implies that one can simply take u ranging through
a line as in (2.4.19).

To deal with multiplicities (and henceforth 0-cycles), one could formally codify this
information in h, the multiplicity of the point in W being the one of its corresponding
value t. This is however not the point of interest of geometric representations, and we
continue considering varieties below.

It is our purpose to apply Theorem 2.4.14 to derive upper bounds on the logarithmic
length of a such rational univariate representation of a 0-dimensional variety arising from
a polynomial system.

Corollary 2.4.16. Let f1, . . . , fn ∈ K[x±1
1 , . . . , x±1

n ], m̃ ∈ (Zn)r and α̃ ∈ (K×)r,
with r ≥ 0. Let

ϕ̃ : (K×)n −→ (K×)r

p 7−→ (α̃1 p
m̃1 , . . . , α̃r p

m̃r ).

For i = 1, . . . , n, let ∆i ⊂MR be the Newton polytope of fi, and αi the vector of nonzero
coefficients of fi. Set ∆0 = conv(0, m̃1, . . . , m̃r) ⊂ Rn, and α0 = (1, α̃1, . . . , α̃r).

Then there is a rational univariate representation of ϕ̃∗(Z(f1, . . . , fn)), such that the
logarithmic length of h, g0, . . . , gr is bounded above by

`(h) ≤
n∑
i=0

MVZn(∆0, . . . ,∆i−1,∆i+1, . . . ,∆n) `(αi) + κ MVZn(∆1, . . . ,∆n);

and, for j = 0, . . . , r,

`(gj) ≤ log
(

MVZn(∆1, . . . ,∆n)
)

+
n∑
i=0

MVZn(∆0, . . . ,∆i−1,∆i+1, . . . ,∆n) `(αi)

+ κ (MVZn(∆1, . . . ,∆n));

where κ is a constant depending on the coefficients of the linear separating condition, and
can always be taken κ ≤ log

(
MVZn(∆1, . . . ,∆n)

)
. In particular, if the projection to a

coordinate is already a separating condition, κ = 0.
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Proof. Let W = ϕ∗(Z(f1, . . . , fn))K. First, notice that for r = 1 no separating condition
is needed. For r > 1, since L(λ) is of degree at most

(#W
2
)
, one can always choose a

linear separating condition Lλ with a λ ∈ Kr \ {0} such that

κ = `(Lλ) ≤ log(#W ) ≤ log
(

MVZn(∆1, . . . ,∆n)
)
; (2.4.20)

where the last inequality follows from the classical Bernštein-Kušnirenko, see Theo-
rem2.2.10.

Set m0 = (1, m̃1, . . . , m̃r), and fix the natural embedding ι : (Q×)r ↪→ PrQ, given by
(q1, . . . , qr) 7→ (1 : q1 : · · · : qr). Then the monomial map associated to m0 and α0 as
in (2.3.16), is ϕ = ι ◦ ϕ̃.

Take h, g0, . . . , gr ∈ K[t] as in (2.4.19), with Lλ chosen as above. Since the length is
submultiplicative, and `(Lλ) = κ, we have

`(h(t)) ≤
∑
q∈W

κ+ `
(

Res(ϕ∗(Z(f1, . . . , fn)))
)
.

By applying Theorem 2.4.14, we obtain the inequality in the statement for h.
Fix j = 0, . . . , r. For t ∈ Q×, following the notations in Definition 2.4.13 (and setting

q0 = 1 for every q for a compact expression), we have

∂ Res(ϕ∗(Z(f1, . . . , fn)))
∂ uj

(u0, λ1u1, . . . , λnun) =
∑
q′∈W

λjq
′
j

∏
q∈W
q 6=q′

(1+λ1q1u1+· · ·+λrqrur).

For every q′, we have the following inequality of lengths

`
(
λjq
′
j

∏
q∈W
q 6=q′

(1 + λ1q1u1 + · · ·+ λrqrur)
)
≤ `

(
Res(ϕ∗(Z(f1, . . . , fn))(u0, λ1u1, . . . , λrur)

)
.

Hence, we can derive

`(gj(t)) ≤ `
( ∑
q′∈W

Res(ϕ∗(Z(f1, . . . , fn))
)
≤ `

(
#W Res(ϕ∗(Z(f1, . . . , fn))

)
.

By the classical Bernštein-Kušnirenko, the submultiplicity of the length, and Theo-
rem 2.4.14, we obtain the inequality in the statement for gj .
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